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1 Introduction

It is a well-known fact that the concept of a “Z"-torus” is of great importance
in the context of classification of Lie tori. This concept was originally defined
by Yoshii [12]. With the appearance of more general extensions of affine Kac-
Moody Lie algebras, such as locally extended affine Lie algebras and invariant
affine reflection algebras, one naturally extends the concept of a Z™-torus to a
G-torus for an abelian group G, where for the algebras under consideration G
is almost always torsion free. In this work, we classify Jordan G-tori, where G
is a torsion free abelian group.

First, we discuss associative G-tori, using the concept of cocycles. Then we
show that a Jordan G-torus is strongly prime, and so one can use the Zelmanov
prime structure theorem [8]. Thus, such a class divides into three types, the
Hermitian type, the Clifford type, and the Albert type. We classify each type
using the result of associative G-tori and similar methods in [11].

This paper is organized as follows. In Section 2, we provide preliminary
concepts, including direct limits and direct unions, pointed reflection subspaces,
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and (involutorial) associative G-tori. In Section 3, using a direct union
approach, we show that a Jordan G-tori J of Hermitian type has one of
involution, plus or extension types (see Definition 3.4) and that J is a direct
union of Jordan tori of Hermitian type, where J and its direct union components
have the same involution, plus or extension type, see Theorem 3.7. In Section
4, we show that a Jordan G-torus J of Clifford type with support .S and central
grading group T, is graded isomorphic to a Clifford G-torus J(S,T,{ac}ccr),
introduced explicitly in Example 4.2, for some nonempty index set I and choices
of a. € F*, e € I, see Theorem 4.3. In Section 5, the final section, we first fully
characterize associative G-tori of central degree 3. Then for two subgroups A
and I' of G satisfying

3GCT CACG, dimgz,(G/T) =3, dim(A/T) =2,

we associate to the triple (G, A,T'), a Jordan algebra A; which turns out to be a
Jordan G-torus of Albert type, called an Albert G-torus associated to the triple
(G,A,T'), see Example 5.8. Then we proceed with showing that given a Jordan
G-torus J of Albert type with central grading group I', there exists a subgroup
A of G such that the groups G, A, and T" satisfy the above interactions and
that J is graded isomorphic to the Albert G-torus A, constructed from the
triple (G, A,T), see Theorem 5.9.

2 Preliminaries

Throughout this work, F is a filed of characteristic zero and G is an abelian
group. All algebras assumed over F and are unital, unless otherwise mentioned.
For a subset X of an abelian group, by (X) we mean the subgroup generated
by X. In a graded algebra we speak of invertible (homogeneous) elements,
whenever this notion is defined. The support of a G-graded algebra T, denoted
by supp(T), is by definition the set of those elements of G for which the
corresponding homogeneous space is nonzero. For a set X, we denote by .#x
the class of all finite subsets of X. For an associative algebra <7, we denote the
corresponding plus algebra by «/*; namely, &/ has & as its ground vector
space, with Jordan product

1
aob:= 5 (ab + ba).
If o7 is equipped with an involution 6, then
H(d,0) ={ac o |0(a) =a}

is a subalgebra of .&7T. The field of rational numbers will be denoted by Q.
To indicate that an example is concluded, we put the symbol {»>. We refer the
reader to [7] or [13] for some terminologies on nonassociative algebras used in
the sequel, such as prime, strongly prime, degree, Jordan domain.
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2.1 A brief review of direct limits and direct unions

A set I together with a partially ordering =, referred to (I, =), is called a
directed set if for each two elements 4,5 € I, thereis t € [ with ¢ <t and 57 < t.
Suppose that ¢ is a category and (I, <) is a directed set. A family {C; | i € I}
of objects of € together with a family {f;; | 4,7 € I; i < j} of morphisms
fij of Ci to Cj (i,j € 1,1 = j) is called a direct system in € if for every pair
(i,7) with ¢ = j, fis = 1¢, and fi; = frjo fji for i = j = k. A direct limit of
the direct system ({Cj}icr, {fi;}i<;) is an object C together with morphisms
pi: C; — C (i € I) satisfying the following two conditions:

o ¢; =jo f;jfori,jel withi=j;

e for any other object D and morphisms ¢; (i € I) from C; to D with
i = ;o f;; for i,j € I with i = j, there exists a unique morphism v from C
to D such that ¢ o ¢; = ; for i € I.
If a direct limit of a direct system ({C;}icr, {fij}i<j) in a category € exists, it
is unique up to equivalence, so we refer to as the direct limit and denote it by
limC;. Suppose that C' is the direct limit of a direct system ({CitYier, {fi; }i=j)
in a concrete category % such that each C; is a subset of C' and for 7,5 € [
with ¢ < 7, f;; is the inclusion map, then we say that C' is the direct union of
({Citier, { fij}i=j) if C = Uie/Ci.
2.2 Pointed reflection subspaces

In this subsection, we recall the notion of a reflection subspace and record
certain properties of reflection subspaces which will be needed in the sequel.

Definition 2.1 A symmetric reflection subspace of an additive abelian group
G is a subset S of G satisfying (S) = G and S —25 C S. A symmetric reflection
subspace is called a pointed reflection subspace (PRS) if 0 € S. For details on
symmetric reflection subspaces, we refer the interested reader to [6] and [2].

If the group G is free abelian of finite rank, a symmetric reflection subspace
in (G is also called a translated semilattice in G. In this case, a pointed reflection
subspace is called a semilattice. A non-trivial interesting feature of semilattices
is that any semilattice in G contains a Z-basis of G (see [1, Proposition IT1.1.11]).

The following lemma, whose proof is straightforward, gives a characteriza-
tion of a PRS in terms of its finitely generated pointed reflection subspaces.

Lemma 2.2 (i) Let S be a PRS in G. Then the following hold.

(a) ForT C S, Sy :=SN(T) is a PRS in (T). In particular, if G is torsion
free and T is finite, then St is a semilattice in (T).

(b) S is the union of {St}rec.us-

(ii) Let .7 be a family of subsets of G such that via the inclusion ./ is
a directed set, and that each element of . is a PRS in its Z-span in G. If
G = Uge#(S), then the union Uge S is a PRS in G.

2.3 G-tori
In this subsection, we study G-tori, where G is assumed to be a torsion free
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abelian group. Since G can be naturally imbedded in G ®z Q, we can make
sense of o/n for o € G and n € Z\ {0}. We recall that since G is torsion free,
it is an ordered group in the sense of [5, p.94].

Definition 2.3 [11, Definition 3.1] A G-graded algebra J = > . J7
satisfying conditions

(T1) G=(oceG|J? #0),

(T2) all nonzero homogeneous elements of J are invertible,

(T3) dimp(J7) <1 for all o € G,
is called a G-torus. It is called of strong type, if J is strongly graded, namely,

J°JT = J°t7 for all 0,7 € G. The G-torus J is called an associative or a Jordan
G-torus, if J is associative or Jordan, respectively.

The proof of the following lemma is straightforward.

Lemma 2.4 Suppose that G is an abelian group and I' is a nonempty index
set. Suppose that {G | v € T'} is a class of subgroups of G such that G =
UyerGy and such that I' is a directed set under the ordering “<” defined by
v <1 if Gy is a subgroup of Gy (v,n € T'). If ({}, {¢yn}) is a direct system
of associative algebras and algebra homomorphisms with direct limit (<7, {p~})
such that

o cach o, is equipped with a G-grading o/, = ®gcc(y)? with supp(s,) =
Gy and dim((24)?) < 1 for all g € G,

o cach vy, is a G-graded homomorphism,

e cach ¢, is monomorphism,
then o/ as an algebra is equipped with a G-grading &/ = ®g4eq.a/? with supp ()
= G and dim(e/9) =1 for all g € G. Moreover, if each 4/, is an associative
G, -torus, then </ is an associative G-torus.

Lemma 2.5 Let T be a Jordan or an associative G-torus. Let .4 be the set
of all finite subsets of supp(T) containing a fized finite subset my of supp(T).
Forme A, let
Gm = (m), Ty:= Z T°.
o€Gm

Then we have the following:

(i) G = Unew G
i) forme A, Ty is a Gy-torus, and T = Une_ gy Tm;
iii) supp(T’) = Ume.#supp(Tm);
iv) supp(T) is a PRS in G;
v) T is domain, in particular, it has no nilpotents, and it is strongly prime
if T is Jordan;

(vi) a nonzero element of T is invertible if and only if is homogeneous;

(vii) f0#z €T and 2™ € T? for some o € G, m € Z, then 0 € mG and
x e To/m,

(
(
(
(
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Proof The proof of (i)—(iii) is immediate. By [11, Lemma 3.5], for each m € .#,
supp(Tw) is a PRS in Gy,. Moreover, by (T1),

G = (supp(T)) = | J G-
meA

So by part (iii) and Lemma 2.2 (ii), supp(S) is a PRS in G, proving (iv). The
proof of (v)—(vii) is well known. O

We know from Lemma 2.5 that the center Z(7T') of T is an associative
commutative homogeneous subalgebra of 7', as well as an integral domain. In
particular, I' ;= supp(Z (7)) is a subgroup of G and Z(T) is I'-graded. It follows
that Z(T') is isomorphic to a commutative twisted group algebra. The group I'
is called the central grading group of T. Let Z be the field of fractions of Z, and
consider T'= Z ®z T. If T is an associative (Jordan) algebra, then by Lemma
2.5 (v) and [11, 2.6], T' is an associative (Jordan) algebra over Z which is also
an integral domain.

Here is a generalization of [11, Lemma 3.9] to torsion free case.

Lemma 2.6 Let G be a torsion free abelian group, and let T = ®pccTa be
a Jordan or an associative torus. Let Z = Z(T) be the center of T with the
central grading group T'. Let : G — G/T be the canonical map. For o € G, let

Ty =21y, Ta:=2®z2Z1T,.

Then

(i) ZT, = ZTs for all o, 3 € G with « = f mod T’

(i) T = ©acq/rTa is a free Z-module and a G/T'-graded algebra over Z
with rank T, < 1 for all o € G/T;

(i) T = @aeq/rTa is a G/T-graded torus over Z with
dim, T = |(suppT’)/T'[;

(iv) the quotient group G/T" cannot be a nontrivial cyclic group.

Proof The proof of (i)—(iii) is straightforward, considering the fact that for
velandae G, T, C Z and Tp4 = T, T,,. By (iii), T is a G/I'-torus. If G/I"
is cyclic, T is also commutative and associative. Thus, T embeds in T and so
Z =T and I' = A. This proves (iv). O

2.4 Associative G-tori

Let G be an abelian group. Symbols o, 7, 1 always denote elements of G. Let
A = By be an associative G-torus. Since homogeneous non-zero elements
of &7 are invertible, we have

A°AT =TT o7 € supp(H).
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It follows that supp(&) is a subgroup of G and so by (T1), supp(«/) = G. For
o € G, we choose 0 # 27 € &7°. Then & = ByeaFz?. Define \: G x G — F*
by

272" = No, 1)z, o,7€G. (2.1)

Associativity of & implies that A is a 2-cocycle, namely, for o, 7, u € G,
Mo +7,1)A(0,7) = Ao, 7+ pA(T, 1) (2.2)

Conversely, let A: G x G — F* be a 2-cocycle. Consider the abstract vector
space & 1= @yecFz? with basis {27 | 0 € G}. Then the multiplication on <
induced from (2.1) makes .7 into an associative G-torus with supp(«/) = G. We
denote 7 by (F!(G), \) and call it the associative G-torus determined by the 2-
cocycle \. We note that the associative G-torus (F![G], \) can be characterized
as the unital associative algebra defined by the set of generators {z? | o € g}
and relations (2.1). The associative G-torus (F'[G],\) is called elementary
if img(\) C {1,—1}. In the literature, & = (F'[G],\) is also known as the
twisted group algebra determined by A (see [10] or [9]). We summarize the
above discussion as follows.

Lemma 2.7 Let G be an abelian group, and let o/ be an associative algebra.
Then < is a G-torus if and only if o =g (F'[G],\) for a 2-cocycle M.

Let @ = (F'[G),\) be an associative G-torus. Note that for o,7 € G, 2
and 7 commute up to a “twisting”, namely,

x%x” = M(o, )22, (2.3)
where
(o, 7) = Xo, T)A(r,0) L. (2.4)
We clearly have
M(o,o) =1, MNlo,7) = N(r,0)7 .
Moreover, one can check that \;: G x G — F* is a group bihomomorphism.

Remark 2.8 Suppose in the above discussion that we replace the basis {z7 |
o € G} of & by another basis {y? | 0 € G}. Then for 0 € G, y? = d(0)27,
where d: G — F* is a map. Denote the corresponding 2-cocycle as in (2.1) by
A: G x G — F*. Then we have

~

o, 1) = d(o)d(t)d(o 4+ 7)Ao, 7).
Therefore, A and \ are equivalent, up to a coboundary. That is, the product on
4/ is uniquely determined up to H?(G,F*) (see [9, §1]).

Example 2.9 (Quantum tori) Let A be a free abelian group of rank |I|, where
I is a nonempty index set with a fixed total ordering < . Let &7 = (F![A], \) be
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a A-torus determined by a 2-cocycle A\. We fix a basis {o; | i € I} of A, and set
¢ij = M\(04,05). Since A is a bihomomorphism, for

0= E nioi, T = E m;oy,

el el

we have

)‘t(aa T) - H qyjimj7
i’j

with ¢;; = q;il and ¢; = 1 for all 4,7 € I. We note that as n;’s and m;’s are
zero almost for all 7, the above product makes sense. In the literature, a matrix
(gij)ijer (possibly of infinite rank), satisfying ¢;; = 1 and ¢;; = qﬁl for all
i, ], is called a quantum matriz. A quantum matrix g is called elementary if
qij € {1} for all i, j. For i € I, we set y; := x7*. Also for o = Y, ;n;o;, we
set y2 =11if 0 =0 and if 0 # 0, we set 37 := yZil yZ:’“, where i1 < -+ < g
are all indices for which n;; # 0. Then we have

o =PFy’,

ocEA

and for all 4,5 € I,
YiYj = Giyivie Yivi =Yy =1 (2.5)

The A-torus &7 can be described as the unital associative algebra defined by
generators 1,v;, v, ! and relations (2.5), induced from the quantum matrix q :=
(¢ij)- In this case, we denote o/ by o = (F*[A], q) and call it the quantum torus
determined by the quantum matrix q. &

Here is a generalization of [11, Lemma 4.6] to the torsion free case.

Lemma 2.10 Let G be a torsion free abelian group, and let </ be an
associative algebra. If o/t is a Jordan G-torus, then o =g (F'[G],\) for
some 2-cocycle \. In particular, if G is free abelian, then o =~ (F'[G],q) for
some quantum matriz q.

Proof By Lemma 2.7, we must show that &7 is an associative G-torus. Since
/T is a Jordan torus, we have

AT =d =P

oeg

with G = (0 € G| &7 # 0) and dim 77 < 1 for all ¢ € G. So it only remains to
show that o7 is G-graded, namely, @/7.&/™ C &/° "7 for all 0,7 € G. We proceed
with showing this for fixed 0,7 € G. We may assume without loss of generality
that both &/ and &/ are non-zero. Let 0 # z € &/% and 0 # y € /7. By
Lemma 2.5, x and y are invertible in <7+ and so they are invertible in .o7.
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Therefore, xy and yx are invertible in .7 and so in /. Then by Lemma 2.5,
both xy and yz are homogeneous in .«7. Now, as

zoy=axy+yrc g,

we conclude that 2y € @717 if x oy # 0. Suppose now that x oy = 0. Then
xy = —yx € /% for some § € G and as &/ is associative,

(xy)2 _ _$2y2 — —y2x2.

Therefore,

1 1 g T
0# (zy)? = —y (2%y* + y*2?) = 5 (z2 0 y?) € FP NPt

Thus, 6 = 0 + 7. The second statement follows immediately from Example 2.9.
O
2.5 Involutorial associative G-tori

Let @ = (F'[G],\) be an associative G-torus. Assume further that & is
equipped with a graded involution , namely, a period 2 anti-automorphism

satisfying &/ = &%, 0 € G. Then, for 0 € G, we have 2° = a,x°, where
a, € F* satisfies a2 = 1. So, for o € G,

27 = (-1)12”,
where ¢ is a map from G into the field Fy of 2 elements. We note that
(—1)q<g+7)xg+T =27t7 = \(o, 7)71$T x% = Ao, 7')71)\(7', 0)(—1)q(”)+Q(7)x”+T.
Thus,
(—1)%@7) = \y(o, 7), (2.6)
where 3;: G x G — F3 is defined by

Bqlo,7) = q(0) +q(7) —q(o + 7).

Now, A; being a bihomomorphism implies that 3, is also a group
bihomomorphism. Therefore, by definition, ¢: G — Fy is a quadratic map.

Conversely, starting from an associative G-torus & = (F'[G],\) and a
quadratic map ¢: G — Fy satisfying (—1)ﬁq(‘”) = M\ (0, 7), one can define a
graded involution on &/ by x° = (—1)%@)z% In fact, it is clear that is a
period 2 isomorphism of F-vector spaces. Moreover, for o,7 € G, we have

xoxT = Ao, 7)xotT

= Aoy T) (-1
= Ao, 7) (=)W N\ (7, 0) a2
_ (_1),3q(o,7)+q(o,7—) T2’
— (_1)q(0)+q(f)$7x0

= xT x°.
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Definition 2.11 Let «/ = (F'[G],\) be a G-torus, and let q: G — F3 be a
quadratic map satisfying (2.6). We denote the induced involution on .2/ by 6,,.
We recall that in this case, H(«/,0,) = H((F'[G], \),0,) is a subalgebra of <.

Let J be a Jordan G-torus. By Lemma 2.5, J is strongly prime, so by
Zelmanov’s Prime Structure Theorem [8, p.200], J has one of the types,
Hermitian, Clifford, or Albert. We recall that J is of Hermitian type if J
is special and qu5(J) # {0} (the term gug(J) will be explained in the next
section). Also J is of Clifford type if the central closure J is a Jordan algebra
over Z of a symmetric bilinear form. Finally, J is of Albert type if the central
closure J is an Albert algebra over Z. In the remaining sections, we study each
of the mentioned types separately.

3 Jordan tori of Hermitian type

Throughout this section, G is a torsion free abelian group, unless otherwise
mentioned. All associative algebras are assumed to be unital. We assume that
any algebra homomorphism from a unital algebra to a unital algebra maps
1 to 1. We recall that a Jordan torus J is called a Hermitian torus if there
exists an involutorial associative algebra (<7, ) which is #-prime such that </
is generated by J and J = H (7, *).

We make a convention that for two elements x,y of an associative algebra,
by [z,y]|, we mean xy — yz and by x o y, we mean zy + yx. Suppose that X is
an infinite set and a(X) is the free associative algebra on X. We consider the
special Jordan algebra a(X)* and take fsj(X) to be the subalgebra of a(X)*
generated by X. This is the free special Jordan algebra on X. We recall that an
ideal I of §8)(X) is called formal if for each polynomial p(x1,...,z,) € I with
x1,...,x, € X, and each permutation o of X, one has p(o(z1),...,0(x,)) € I.
A formal ideal H of fsj(X) is called Hermitian if it is closed under n-tads for each
natural number n greater than 3, i.e., for n € N withn > 3 and z1,...,2, € H,

{z1,...,xn} =21y +xpy---x1 € H.

Now, suppose that H(X) is a Hermitian ideal of fsj(X). For an i-special Jordan
algebra (i.e., a quotient algebra of a special Jordan algebra) J, by H(.J), we mean
the evaluation of H(X) on J; H(J) is an ideal of J and called a Hermitian part

of J.
Now, for x,y, z,w € X, we take

Dy y(2) := [z, 4], 2]

and set
pi6(x,y, z,w) := [[D3 ,(2)%, Dy y(w)], Dy y(w)].
Then

qus = [[p16(x1, y1, 21, w1), P16(T2, Y2, 22, w2)], P16 (23, Y3, 23, w3)]
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is a polynomial in the free associative algebra on X in 12 variables x;, y;, z;, w;,
1 < ¢ < 3. Take Qqs to be the linearization-invariant T-ideal of {s)(X) generated
by q4s. It means that Qg is the smallest ideal of fsj(X) containing g4g with the
following two properties. If p is a polynomial in @48, then each linearization
of p is also an element of Q48 and that Q48 is invariant under all algebra
endomorphisms of fsj(X). We note that for 12 variables x;, y;, z;, w;, 1 <1 < 3,
each monomial of g4g is a product of 12 variables x;, y;, z;, w;, 1 < i < 3, and
monomials have the same number of z € {x;,y;,2;,w; | 1 < i < 3}. So each
polynomial in Q48 is a summation of monomials having the same partial degree.

Lemma 3.1 Suppose that J is a Jordan G-torus of Hermitian type. Then
J = H(P,x*) for an associative algebra P with an involution % such that P is
x-prime and is generated by J.

Proof Since J is of Hermitian type, we have qu8(J) # {0}. Fix a basis B of
J consisting of homogeneous elements. If Qus3(B) = {0}, we get qus(J) = {0},
which is a contradiction. So there is a polynomial p € Q4 and by,...,b, €
B such that p(by,...,bn) # 0. We know that p is a linear combination of
monomials having the same partial degree. This together with the fact that
b1,..., by, are homogeneous elements implies that p(by, ..., b, ) is homogeneous
and so it is invertible. So Qug(J) = J. O

Lemma 3.2 Suppose that J is a Jordan G-torus. Suppose that E is a quadratic
field extension of F, og is the nontrivial Galois automorphism, and \: G X
G — E* is a 2-cocycle. Assume E ®@p J ~¢ (E'[G],\)*", say via . Then
either there is a 2-cocycle p: G x G — F* such that (E'[G],\) ~¢ (E'[G], p)
and J ~¢g (FGl,u)*, or J ~¢ H((E'G],n),0) for some 2-cocycle p
satisfying ow(u(g1,92)) = u(g2,91) for gi,92 € G, and an og-semilinear anti-
automorphism 0, where (E*[G], ) is considered as an F-algebra.

Proof Since E is a quadratic field extension of IF, there is an irreducible poly-
nomial on F of degree 2 with distinct roots e, f. Then E = F+-eF and og: E — E
is the Galois automorphism mapping e to f. Set

Ti=opRid: EQJ - E® J.
Since for x,y € F and a € J, we have

T(zy ® a) = op(ry) ® a = og(2)ok(y) ® @ = og(z)(0r(y) ® a),

we get that 7 is a og-semilinear automorphism of the Jordan algebra E & J.
Consider the E-Jordan algebra isomorphism ¢: E ®@p J — (E'[G],A\)". Then
0 := o1~ !is a Jordan og-semilinear automorphism on (E![G], A\)*. Next, we
note that as § = p7p~! is a Jordan og-semilinear automorphism on (E*[G], A\)*,
it is also an F-linear automorphism of the F-Jordan algebra (Ef[G], \)T. So by
[3, Lemma 1.1.7] either 6 is a og-semilinear associative algebra automorphism of
(E'[G], \) or it is a og-semilinear anti-automorphism of the associative algebra
(E![G], \) which is not an automorphism. We know that

J~spanp{r@z|reF,zeJ}=HE®JT)
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and the restriction of ¢ to H(E®J, 7) is an F-Jordan algebra isomorphism from
J~ HE®J 1) to H(E'[G],\),0). So to complete the proof, we show that
either

H((E'[G], \),0) = (E'[G], )"
for a 2-cocycle u: G x G — F or

H((E'[G], \),0) = H((E'[G], ), 0)

for some 2-cocycle p satisfying og(1(g1, 92)) = p(g2, g1) for g1,92 € G.

We fix 0 # 29 € J,; (g € G), so {29 | g € G} is an F-basis for J and an
E-basis for E ®p J (here, we identify J with {l®@x |z € J} CE® J). Now, as
for g € G, 7(29) = 29 and ¢ is a G-graded isomorphism, {y? := ¢(29) | g € G}
is a basis for the E-vector space E![G] consisting of homogeneous elements fixed
by 0. Now, let ;1: G x G — E be the 2-cocycle corresponding to this new basis;
see Remark 2.8. We note that

©icln) = (D w) - DFv + P ery

geG geqG geqG

and
H((E'[G), ), 60) = P Fy”.

geG

Now, we consider the two cases that either 6 is a og-semilinear associative
algebra automorphism of (E![G],\) = (E![G], ) or it is a og-semilinear anti-
automorphism of the associative algebra (E{[G], \) = (E![G], ) which is not an
automorphism. In the former case, for g1, g2 € G, we have

0=0(y"y?” — (g1, g2)y? %) = y"'y” — or(u(gr, g2))y? .

So we have
191, 92)y” 9% = Yy = og(p(g1, 92))y* 2.
Therefore, (g1, g2) € F. Now, we have

(E'[G],\) = PEy” = PFy + P eFy”.

gelG geqG geqG

Since p(G, G) C F, ®4ecFy” is closed under the associative product on (E'[G], p)
and

H((E'[G),N) = H((E'[G]. p).0) = EDFy”

geG

can be identified with (F'[G], 1)T. In the latter case, for g1, g2 € G, we have

0=0(y"y" — u(g1, 92)y" T9) = =y — ou(plgr, g2))y? 9.

So or(u(g1,92)) = (g2, 91). This completes the proof. O
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The following generalizes [11, Proposition 4.7] to the torsion free case.

Proposition 3.3 Let &/ be an involutorial associative algebra and assume
that J := H (<, %) is a Jordan G-torus generating <.

(a) Suppose that there exists a € &/ such that aa™ = 0 and a + a* is
invertible in J. Then J =g (F'[G],\)T for some 2-cocycle \.

(b) Suppose that there exists an invertible element a € <7 such that a* = —a
and 0 # y € J., for some y € G such that a* € Joy, ay~ta € J,, and [a,y] € Jo,.
Then J =g (FYG],\)T or E®r J ¢ (EYG],\)T for some 2-cocycle M.

Proof (a) By Lemma 2.5 (v), J is domain. By [11, Lemma 4.5, J = &/* for
some associative algebra <. Then by Lemma 2.10, we are done. The proof of
part (b) is exactly the same as [11, Proposition 4.7 (b)]. O

Definition 3.4 A Jordan G-torus J is said to be of involution type if we have
J =2¢ H((F'[G],\),0,) (X a 2-cocycle and ¢ a quadratic map), it is said to be
of plus type if J =g (F'[G],A\)" (X a 2-cocycle), and it is said to be of extension
type if J =g H((E'[G],\), o) (E a quadratic field extension of F, A a 2-cocycle,
and o an involution). If G is free abelian of finite rank, we call a Jordan G-torus
of one of the above types, simply a Jordan torus of that type.

Lemma 3.5 Suppose that G is a free abelian group of finite rank and J =
DgeqJ? is a Jordan G-torus. Suppose that P is an associative algebra with
involution * and J = H(P,x). For g € supp(J), fixt 0 # x4 € J9. If for all
g,h € supp(J), 292" = 229 (product in P), then one of the following occurs.

(a) P isisomorphic to (F'[G], \) for a 2-cocycle \: GxG — TF; in particular,
P is a G-graded algebra. Moreover, x is a G-graded involution and J is graded
isomorphic to H((F'[G],\),60,), where q: G x G — Fy is the quadratic map
arising from the involution on (F'[G], \) induced via the isomorphism form P
to (F'[G], \) (see Section 2.5); in particular, P9 = J9 for all g € supp(J).

(b) There are an invertible element u of P and a nonzero element y of J7
for some v € G such that the following four conditions hold:

w=—u, weJ?, wlueJ, [uy eJ?. (3.1)

Proof One knows from Lemma 2.5 and [1, Proposition II.1.11] that there
is a basis B = {o01,...,0,} C supp(J) for G. If J is generated by r-tads
{wgl xi’;r} forr € 279 1 <iy,...,i, <n,e1,...,6 € {1}, conditions (A)
and (B) of the proof of [11, Thm.4.11] hold and so by the proof of the same
theorem, all the statements in (a) are fulfilled. But if J is not generated by 7-
tads {xiil "-xigr} for r € 27°, 1 <iy,...,i, <n, e1,...,& € {£1}, condition
(A) but not (B) of the proof of [11, Thm.4.11] holds and again by the proof of
the same theorem, there are an invertible element u of P and a nonzero element
y of J7 for some v € G such that (3.1) is satisfied. O

Proposition 3.6 Suppose that P is an associative algebra with an involution
. Suppose that J := H(P,x) generates P. Suppose that {G; | i € I} is a
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class of free abelian subgroups of G such that G = Ujc sG;. Also assume that
J = @geqJ? is a Jordan G-torus. Set

Jii=, ies
9eG;

Assume that *;, the restriction of x to the subalgebra P; (i € ) of P generated
by J; is an involution of P; and that J; = H(P;,«). If P is x-prime, then one
of the following holds for J:

o J~ H((F'|G],\),0,), A a 2-cocycle and q a quadratic map;

o J~ (FG],\)T, X a 2-cocycle;

o J =~ H((E'YG],\),0), E a quadratic field extension of F, X\ a 2-cocycle
and o an involution.
Moreover, if J is of involution (resp. plus or extension) type, it is a direct union
of Jordan tori of involution (resp. plus or extension) type.
Proof We know that J = @4cqJY is a Jordan G-torus. For g € supp(J), we
fix 0 # x4 € J9. We consider the following two cases.

Case 1 For all g,h € supp(J), z4z) = £ap2y.
By Lemma 3.5, one of the following occurs:

(a) forallie .7,

e P, is equipped with a Gj-grading ®geq P’ with PY = J? for all g €
supp(J;),

o P= @geGipig is an associative G;-torus,

e x;, = |p is a Gj-graded involution;

(b) there is ¢ € .# for which there are an invertible element u of P; and a
nonzero element y of J; for some v € G; such that (3.1) holds.

We now assume that (a) is satisfied, i,j € # with i < j, and g € G;. If

g € supp(J;), then
i i j j

Also we know that P; is generated by J; and so P; is generated by
J#s= U 7
9eG; gesupp(J;)

In particular, for g € G, there are 11, ..., 7 € supp(J;) such that g = 7+ - -+
and
g _ _ _ g
pi _JZTl...JZTt _PZTl...PZTt _P]Tl...PjTt ng,

Therefore, we have proved

So by Lemma 2.4, P is an associative G-torus with P9 = J9 for all g € supp(J).
Therefore, J is graded isomorphic to H((F![G], \), 8,) for a 2-cocycle A\: GXxG —
F* and a quadratic map ¢: G x G — Fs.
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Next, we assume that (b) is satisfied. Then we are done by Proposition 3.3.
Case 2 There are g, h € supp(J) such that z,x) # tapz,.
Set
w:i=[zg,xp] #0, d:=x40x) #0.

Then we have one of the following conditions.

o u2=0.

We have u = —u* and so uu* = 0, then there exists y € J such that for
v = yu, v + v* # 0. Otherwise, for all y € J, we have v + v* = 0 in which
v = yu. So we have

*

yu=v=—0v" = —u'y* = uy.

Therefore, for w € P, we have
(uy) (vw) = u(yu)w = u(uy)w = u?w = 0.

This implies that (uJ)(uP) = {0}. Now, as J generates P, we get (uP)? = {0}.
So we have

(PuP)? = PuPPuP C PuPuP = P(uP)?* = {0}.

Also (PuP)* = PuP and so PuP is a nonzero *-ideal of P with (PuP)? = {0},
a contradiction, as P is %-prime. Therefore, there exists y € J such that for
v :=yu, v +v* # 0. Since y € J, we have

y:Zyg, Yg € Jy-

geG

For g € G, set vy := ygu. If for all g € G, vy + vy = 0, then we get

v+t = [y, u] = @[?Jmu] = @(yg“_ uyg) = @vg +vy =0,

geG gelG geG

which is a contradiction. So there is g. € G with vy, +vy # 0. Now, as v, +vg,
is a homogeneous element of .J (see [11, (2.7)]), it is invertible. Also vy v = 0.
So setting ¢ := vy, € P, we get that cc* = 0 and ¢ + ¢* is invertible in J. Now,
fixr, € # withy € J,., and u € P, . For all i € . with r, < i, we have ¢ € J,_,
cc® =0, and ¢ + ¢* is invertible in J,.,. We know that P = U;c ¢, P; in which
Io={ie I |r.xi} and J = Uje g, J;. So J is the direct union of Jordan tori
Ji’s, each of which contains the element c. Since ¢ + ¢* is invertible in J,_, this
is invertible in each J; (i € #,). Now, as cc* = 0, we get that J as well as each
Ji, i € .Z, is of plus type by Proposition 3.3.

o u?#£0.

We have d = x40, € J9thSo there is j, € . with d € JiJrh. Now, we
have

u2 E (Ji*)2’77 Ud_lu e (JZ*)’Y? [u7 d] E (JZ*)Q'Y
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(see [11, Page 24]). Then P is the direct union of P;’s (i € %), where .%, =
{i € J | i, < i} and J is the direct union of J;’s for i € .#,. Now, using the
proof of [11, Prop. 4.7] together with [11, Prop.4.9] either each J; (i € .%,) is
of plus type or each J; (i € %) is of extension type. Moreover, by Proposition
3.3 and Lemma 3.2, either J is of plus type or of extension type, respectively.

O
Theorem 3.7 Suppose that J is a Jordan G-torus of Hermitian type. Then J
is a direct union of Jordan tori of Hermitian type and it is of one of involution,
plus, or extension types. Moreover, if J is of involution (resp. plus, extension)
type, it is a direct union of Jordan tori of involution (resp. plus, extension)

type.

Proof The group G is a torsion free abelian group and J = @©4egJ? is a Jordan
G-torus of Hermitian type. Let S be the support of J. Since J is of Hermitian
type, qus(J) # 0. Fix x1,...,212 € J such that gus(z1,...,212) # 0. Since
J = ®seqJ, there are o1, ...,0, € G such that x1,...,x10 € JL @ --- D Jo".
Now, let

I ={TCS|o1,...,0n €T, |T| <}

Set
Gr = <T>, Sr:=8SNGp, Te.L.

Then

S=J Sr. Gr=(Sr).

Tes

Next, set

=@ J°, Tes.

oeGr

One has J = Upc s J7 and that each Jr is a Jordan Gp-torus. Since z1,...,x12

€ Jp for all T € .7, we get that qug(Jr) # 0 and so Jr is of Hermitian type.
So J is a direct union of Jordan tori of Hermitian type.

We know that J is special, so by [8], there is an associative algebra o7
equipped with an involution * such that

o JC H(, x),
e o/ as an associative algebra, is generated by J,
o if ] is a x-ideal of o7, then I N J # {0}.

Also by the Special Hermitian Structure Theorem [8, §1.6] and Lemma 3.1, the
associative subalgebra P of & generated by J is x-prime and J = H(P,%).
Now, if for T € ., Pp is the associative subalgebra of &7 generated by Jr,
then we have Jr = H(Zr,*). We also have

=] 2r
Tes

We next note that for T' € ., G is a finitely generated torsion free abelian
group and so it is a free abelian group of finite rank. Now, we get the result by
using Proposition 3.6. O
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4 Jordan tori of Clifford type

Let R be a unital commutative associative ring, and let V' be an R-module. Let
(,-): V. xV — R be a symmetric R-bilinear form. Define a linear R-algebra
structure on J := R1 & V by having 1 as the identity element and requiring
v-w = (v,w)l for v,w € V. Then J is a Jordan algebra called the Jordan
algebra of the bilinear form (-,-) (or a Jordan spin factor if R is a field). We
recall that a Jordan algebra is called of Clifford type if its central closure is a
Jordan algebra of a symmetric bilinear form.

The following example is a generalization of a Clifford torus that appeared in
[1, Theorem II1.2.9] as the coordinate algebra of an extended affine Lie algebra
of type A;. The setting is based on [11, Example 5.2] and [12].

Definition 4.1 Let G be an abelian group, let S be a pointed reflection
subspace of G, and let I" be a subgroup of G such that

9GCTICSCG, S+T =S8 (4.1)
Let I be a set of coset representatives for {c +T' | 0 € S} \ {I'}. Then for a
collection {ac}eer, a- € F*, we call the triple (S,T', {a:}) a Clifford triple.

Example 4.2 Let G be an abelian group, not necessarily torsion free, and
let (S,T,{a-}) be a Clifford triple. Let Z be a commutative associative I'-torus
(a commutative twisted group algebra) with basis {7 | v € T'}. Let V be a
free Z-module with basis {t.}.c;. Define a Z-bilinear form f: V x V — Z by
Z-linear extension of

2e —
agz=, &=1),

(4.2)

toty) =

f(te tn) {0, otherwise,

for all e,n € I (here, we note that 2¢ € I by (4.1)). Let
J:=J(S, T {ac}ecr) =ZV

be the Jordan algebra over Z of f. We note that

V:@Ztaz @ F2t..

eel eel,yel

We also note that for o € S, there exists a unique ¢, € I U {0} such that
o0c—¢c5 €. Set tg:=1 € J. Now, for 0 € GG, we set

Fzo=¢%t., o€S,
Jy =

0, otherwise.

Then J = @,¢cqJ, and supp(J) = S.
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We next show that J is G-graded. Let o,7 € S. If ¢, = ¢, = 0, then
Jodr =F2727 =F2°1" = J,4 ..
If e, =0 and &, # 0, then
Jody =F2727 7t =F27T" 5t = J, .

Finally, suppose ¢, # 0 and €, # 0. We note that if e, = e,, theno+7€ ' C S
and J,, = Fz°T7. Then

Fz0t7, e, =€,
JO'J’T e tga ZTfeTtaT — FZGJrTfeg feff(tga’t&)zkg _ ’ .a
0, otherwise.

So JyJr = Joyr if 65 = &7, and J,J; = {0} otherwise. This completes the
proof that J is a G-graded Jordan algebra over Z. Thus, J is a Jordan G-torus
with Z(J) = Z. If G is torsion free, then we can consider the central closure
Jof J.IfV :=Z®yzV, then J can be identified with Z & V. Extending f to
f:VxV —>Zby
fla®v, Bew) = abf(v,w),

one can see that J is the Jordan algebra of the extended bilinear form f. Hence,
J is of Clifford type, which we call it the Clifford G-torus associated to the
Clifford triple (S,T, {a.}). %

Theorem 4.3 Let G be a torsion free abelian group, and let J be a Jordan
G-torus of Clifford type with support S and central grading group I'. Let I be
a set of coset representatives for {o +T' | 0 € S} \ {T'}. Then for each ¢ € I,
there exists a. € F* such that (S,T,{ac}) is a Clifford triple and J is graded
isomorphic to the Clifford G-torus J(S,T',{acz}ecr) associated to the Clifford
triple (S,T',{ac}).

Proof By assumption, the central closure J = Z ®» J is a Jordan algebra
over Z of a symmetric bilinear form, where Z is the field of fractions of the
center Z = Z(J) of J. Thus, J has degree less than or equal 2 over Z, that is,
there exists a Z-linear form tr: J — Z and a Z-quadratic map n: J — Z with
n(1) = 1 such that for all z € J,

2% — tr(z)z + n(z)l = 0.

Let n: JxJ — Z be the symmetric Z-bilinear form associated to the quadratic
map n. Let W :={z € J | tr(z) = 0}. Then J = Z1® W is the Jordan algebra
over Z of the bilinear form

1
h = —g n(., ')|wa.

If dim, J = 1, then by Lemma 2.6 (iii), supp(J) = I' = G and so J = Z.
Hence, J is a commutative associative torus and so is G-graded isomorphic to
the group algebra of G over F.
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We assume from now on that dim, J # 1. The same argument as in [11,
Claim 1] shows that

tr(Jq) = {0} (« € G\I'), 2G CT Csupp(J), supp(J)+I =supp(J). (4.3)

Moreover,
G/T cannot be a nontrivial cyclic group. (4.4)

Recall from Lemma 2.6 (ii) that J = ©ucq/rJo is a G/T-graded algebra
over Z. Then tr(J,) C tr(Jo) = {0} for o # 0, by (4.3). So

V=PJo= P Z2J.CW

a#0 a€cG\I'
Then
J=P Jo= P J+l=Vez
aeG/T 0#£a€G/T

as a direct sum of Z-modules. For z,y € V,
r-y=hlz,y)-1leJnNZ-1=JnZ(J)="Z.

Therefore, J = Z @&V is the Jordan algebra over Z of f := h,, .. Let S :=
supp(J). By Lemma 2.5, S is a pointed reflection space in G. By (4.3), T is
a proper subset of S and the pair (S,I') satisfies (4.1). Next, let I be a set of
coset representatives for {o +I'\ o € S} \ {I'}, namely,

S = U (e+1).

eeIU{0}

For e € I, let 0 # t. € J.. Then using Lemma 2.6 (ii), we have

V= J.=p 7t

a#0 eel

as direct sum of Z-modules. We note that Z = @,erJy is a commutative
associative I-torus. If € # ¢’ € I, we have e+’ ¢ T (since € and &’ are distinct
coset representatives of I' in S). Therefore,

teter = f(te,ter) € J_, . N Jy = {0}
Also,
0# 12 = flte, te) € Joo = F2*,

say f(te,t:) = a. for some 0 # a. € F. (We note that 2¢ € 2G C I'.) Now, since
V = ®.c1Zt,, it is clear that the bilinear form f here coincides with the one
given in Example 4.2 (see (4.2)). Thus, J is graded isomorphic to the Clifford
G-torus J(S,T',{as}eer) of Example 4.2 associated to (S,T',{a.}). O
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5 Jordan tori of Albert type

Throughout this section, we assume that G is a torsion free abelian group. We
recall that an Albert algebra is by definition a form of a 27-dimensional central
simple exceptional Jordan algebra of degree 3. We also recall that a Jordan
torus of Albert type is by definition a Jordan torus whose central closure is an
Albert algebra.

Definition 5.1 [11, Definition 6.4] A prime Jordan or associative algebra P
over [ is said to have central degree 3, if the central closure P = Z ®z P is
finite dimensional and has (generic) degree 3.

The following is a generalization of [11, Proposition 6.7] to our case. Its
proof is almost the same, but for completeness, we present the proof here.

Proposition 5.2 Let G be a torsion free abelian group, and let T' = ®occTa
be a Jordan or an associative G-torus over F of central degree 3. Let tr be the
generic trace of the central closure T, and let I' be the central grading group of
T. Then 3G CT' C G and supp(T') = G. Moreover, for any o € G\ T, we have
tr(To) = {0}.

Proof If G =T, then dim, T = 1, and hence, T" does not have central degree
3. Therefore, I' # G and supp(T")/T" # {0}. Let

0# B esupp(T)/I', 0Fz €Ty
Since T' = @qeq/rTa (see Lemma 2.6 (iii)) has generic degree 3, we have
>+ 21$2 + 20x+ 231 =0
for some 21, 29,23 € Z and z; = —tr(x). If 28 = 0, then 33 = 3, and therefore,
23+ = —z12% — 231 €Ty,NT,={0}.

Hence, we get
23 + 2o = x(2? + 221) = 0.

Since T is a Jordan or an associative domain, the subalgebra Z[z] of T generated
by x is a commutative associative algebra domain over Z and so 2% + 2,1 = 0.
Since x ¢ T, the polynomial f(\) = A2 + 25 is the minimal polynomial of x
over Z. If f(\) is reducible over Z, say

fA)=A—a)(A=0b), abeZ,

then
(x —al)(x—0b1)=0

in Z[z]. Hence, x = al or x = b1, and so x € Z1 =T, that is, § = 0, which is
absurd. Therefore, f(\) is irreducible over Z. Note that the minimal polynomial
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and the generic minimal polynomial of an element have the same irreducible
factors. Since f(A) is the irreducible minimal polynomial of z, the generic
minimal polynomial of  has to be a power of f(\). However, this is impossible
since the degree of the generic minimal polynomial of z is 3. Therefore, 23 # 0.

This implies that 35 # (. Since 8 # 0, we have 33 # 2. Hence,

38,0} N {28, 8} = 0.
So
(T3B+TO)Q(T2B®T5) = {0}.

Since
23+l =—z12° —mz € (T35 +To) N (Tys ®Tp),

we get two equalities
>+ z31 =0, —zlx2 — zox = 0.
From the first equality, we have
0# 2% = —z1eTy,NT,,

and hence, 30 = 0. Thus, 3G C T, and so the exponent of G/I" is 3. Also, we
have 3G C supp(7T'). Since supp(7’) is a pointed reflection space,

G = 3G — 2G Csupp(T) + 2G C supp(T).

Thus, G = supp(7T).
From the second equality and by the same reason above, we have

—z1x — 201 = 0.

Then
—nr =21€T;NT,={0}.

Hence, z; = 0; that is, tr(z) = 0. Therefore, for any a € G/T', we have tr(T,) =
{0}. O

The following example gives a construction of an associative algebra which
will be crucial in the classification of Jordan tori of Albert type. In what follows,
for n € Z>p, welet e(n) € {0, 1,2} be congruent mod 3 of n and n(n) := n—e(n).

Example 5.3 Consider the pair (G,I"), where G is a torsion free abelian group
and T is a subgroup of G satisfying 3G C T and |G/T| =9. Let pu: ' xT' — F*
be a symmetric 2-cocycle, that is, a 2-cocycle with pu(o,7) = u(r, o) for all o, 7.
Assume that F contains a primitive 3rd root of unity ¢g. We fix o1 and o9 in G
such that {01 + G, 02+ G} is a basis for G/I" over the field of 3 elements. Then

G= |J (o1 +jor+T).

0<i,j<2
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Define A\: G x G — F* by

Aoy + joo + 7,701+ jlos ++') = @ u(n(i +)or, (G + §')o2) u(v,7)
cun(i+iYor +n( + 5o,y +) (5.1)

for 0 < 4,7,7,7 <2,7v,7 € I'. We claim that X is a 2-cocycle on G. To see this,
we must show that for any three fixed elements

o :=1i01+jos+y, Ti=doy+jo0+7, 6:=i"01+ 500+
of the above form, the 2-cocycle identity (2.2) holds, namely,

qE(J+J/)Z//qJZ/A _ qje(i/+i”)qj/i”B

)
where

A= (@@ +4) + "o, + ') +5")o2) - uly + " +ni +)or
+ 00 +3)o2,7") - wn(el@ +i) +i")or +n(e(G +5") + "oz, v+
+ (i +i)o1 + 00 + 5oz +7") - un(i + o, 10 + 5)o2)u(y,7)
(@i + Yoy + 00 + 7 )oa, v +9),

B = p(n(i+e(@ +i")or,n( +e(i" +5"))o2) - n(y' + 7" + 0" +i")o
+ 00"+ "oz, 7) - pn@i + (@ +i")or +n( +e(G +57)o2, 7+
+ (" + "o + 00"+ 7")o2 +7) - pn(@ + "o, n(G" + 5")o2)
(Y A" (@ 4oy + (" + 5 )oa, v 7).

+
+

Since
qS(]-‘r]l)Z”q]Zl _ qja(il_l_ill)qjl,i//

A is a 2-cocycle if and only if A = B. Let

)

a:=n+i)+i")or+ el + )+ "o
+ni+i)or+n(G+ 7)o +v++ +7",

bi=mn(i+e(@ +i")or +n(j+ e’ +5"))oa
+ (i +i")or + (i + o2+ +" + .

Then in the commutative associative torus (F*[T'] := ®,erFa?, i), we have
(1)) o1 eG54 )02 (@it )on ()02 (272727 = Az,
(e )ar (el +57)y (@ +)on (' +5" a2y (7 27" )27 = Bab.,

Therefore, if we show that a = b, then we get A = B if and only if

(G401 (G414 )02 (i1 gn(i-+5')o2

— (@) (42" (o 4 o (5.2)
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for any 0 < ,7,7",7,5',7” < 2. Now, a = b if and only if

n(e(i +i") +i")or +n(e(f + ') + "o
+n(i+i)or+n(+ 5 o2 +v+ +9"
= (i +e(@ +i")or +n(j + (i’ +j")o2
+ (i +i")or + 0" + 5 o2+ +9" + 7,

which in turn holds if and only if for any i,4',4",

n(e+1i)+i") +n+i) =n(i +e(@ +i")) +n@" +i"). (5.3)
To see that this last equality holds, we note that
e(i+i)+i"+n(i+d)=(+i)+i" =i+ (@ +i") =i+ +i")+n0{ +i")
and so

(el +)+i")+n(i+i)=n(el+)+i" +nli +14))
=n(i+e(i +1i") +n(’ +4"))
=n(i+e(’ +1i")) + (i +1i").

Then (5.3) holds and a = b. Thus, A = B if and only if (5.2) holds. Now, the
left-hand side in (5.2) is equal to

p(n(e(i +14') +i")or,n(i +i)o1)z™ " u(n(e(j + 5') + 5")o2,n(j + j')o2)27

where

cri=n(e(i+i) +i") + i+, cri=nei+7) +5") +n( +5)-
Also the right hand side in (5.2) is equal to
p(n(i + (i +i")or,n(i +i")o2)e uin( + e(j' + 5"))o2. (' + j")o2)z42,
where

cp =i +e(@ +i") +n@ +i"), & =n(+e(" +5") +n(" +5").
By (5.3), ¢4 = ¢ and ¢| = ¢,. So A = B if and only if

p(n(e(i +4') + "o, +i)o)u(n(e(G + ') + 5" o2, (i + 5')o2)
= p(n(i+e(@ +")or),n(@ +i")o)u(n(G + (G' + 7")o2), (i + j")o2)

for all 0 < 4,47,4",7,5,7"” < 2. But clearly, the latter holds if and only if

pun(e(@ +4') +i"o,n(i +1i)o) = pn(i + (@ +i")o,n(i +i")o) (5.4)
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for all o € G and 0 < 1,7,7" < 2. Let

a:=c(i+i)+i", B=i+i, o:=i+e(+i"), [ =i+

Then
n(a) +n(3) = nla+n(B)) =ni +1i' +i").
Similarly,
(') +n(8") =n(i+i' +14").
So

n(a) +n(B) = n(a) +n(@).
From this and the fact that n(a),n(8),n(a’),n(8") € {0,3}, we get

n(e)n(3) = n(a")n(6') € {0,9}.

Therefore, (5.4) holds. Hence, A = B and X is a 2-cocycle.

We denote the 2-cocycle A by A := A(g, 1) and the corresponding associative
G-torus by (F'[G], (¢, 1))r, and call it the associative G-torus associated to
the pair (G,T). Let T = (F*[G], M(¢,;1))r. Note that if we fix z; := 27 € T,
i=1,2,and 27 € T7, for each vy € T', then the elements z|'z5227, 0 < 41,142 < 2,
v € I' form a basis of T over F. Moreover, we have

(wixéx”)(x{xé/xy) = Aoy + joo + 7,701 + j o2 + yl)wi(iﬂl)w;(jﬂl)x'y”,
where 0 <,j,7,j' < 2,7, €T, and " =y + "+ (i + i) + 1(j + j’). Using
this, it is easy to see that

Z(T) = @FW’ wox1 = qriTe, il € Z(T) (5.5)
vel

for all 4,j € Z with i = j = 0 (mod 3). It follows that the central closure of T’
is 9-dimensional, namely,

Ji=Z®,;T= P Faiz)

0<i,5<2
Since T is domain, it is a division algebra and so is an associative algebra of
central degree 3 (see Definition 5.1). Note that Z(Tt) = Z(T). Then
+ + *
Tt =T " Qzrty Z(TH) =T @z Z(T) =T .
So Tt is a 9-dimensional central special Jordan division algebra over Z(T).

Hence, by [11, Lemma 2.11], it has degree 3. &

The following proposition gives a characterization of associative G-tori of
central degree 3.
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Proposition 5.4 Let G be a torsion free abelian group, and let T be an
associative G-torus over F with central grading group I'. Then T has central
degree 3 if and only if 3G C T, supp(T) = G, and G/T is a vector space of
dimension 2 over the field of 3 elements. If T has central degree 3, then F
contains a primitive third root of unity, say w, and T = (F'[G], \(w,u))r,
where 1 is a symmetric 2-cocycle on U'. Moreover, if I' is free abelian or F is
algebraically closed, then T = (FY[G], A(w, 1)).

Conversely, suppose that F contains a primitive third root of unity w.
Also suppose that G is a torsion free abelian group and T' is a subgroup
satisfying 3G C T’ and |G/T| = 9. Let p be a symmetric 2-cocycle on T.
Then (FY[G], AMw, p))r is an associative G-torus of central degree 3 with central
grading group I

Proof Let T = @®ocacT® be an associative torus over [F of central degree 3, and
let T be its central closure over Z. By Proposition 5.2, supp(7) = G and G/T’
is a nontrivial vector space over the field of 3 elements. By Lemma 2.6 (iii), we
have dim, T" = |G/I'|. Since, by definition, T" is finite dimensional over Z, we
have dim, T' = 3™ for some positive integer m. Now, 1" as a finite-dimensional
associative domain is a division algebra, by Wedderburn’s structure theorem.
So as T, is a central simple associative algebra with dim7T', = 3™, we have
m = 2. It is also clear that an associative torus whose central grading group I'
satisfies |G/T'| = 9 has central degree 3. In fact, 7" has dimension 9 over Z and
is a division associative algebra. So by Lemma [11, Lemma 2.11], it has degree
3.

Next, we assume that T = @,cqT® is an associative torus whose central
grading group satisfies 3G C I' C G, |G/T'| = 9, and supp(T') = G. We fix o7,
o9 in G such that {o; +T' | i = 1,2} is a basis for the vector space G/I". Then

G= |J (o1 +jor+T).
0<i,j<2

We fix z; := 29" € T, i = 1,2, and 27 € T for each v € I'. Then x129 # 2271
and the elements z}'zz?, 0 < i1,i2 < 2, v € T form a basis for T over F.
Moreover, as 3G C T,

(28 2)?2" € Z(T) (5.6)
for all 0 < 41,42 < 2 and v € I. Since zqw9, wor; € T71792, there exists
q € F* such that xox1 = gayz2. Then as z3 is central, we get ¢ = 1. Thus,
F must contain a primitive third root of unity, say w. Then ¢ = w or w?. Let
A: G x G — F* be the corresponding 2-cocycle for T with respect to the basis
mentioned above. Then we have

(wﬁxéx”)(xilxgleI) = N(ioy + joo +v,i'01 + j'og + ’y')a:i(i”l)x;(jﬂl)x”",

where 0 < i,7,7,5' < 2, 7,7 € T, 7y" =~v++ +n( +i) +n(j + ), and €
and 7 are defined as in Example 5.3. Denote by p: I' x I' — F* the symmetric
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2-cocycle obtained from A by restriction to I'. Then using (5.6), the facts that
xox1 = qr1x2, and n(n)G C 3G C T for all n € Z, we see that

Aioy + joo + 7,701 + j'oa ++') = ¢ p(n(i +)or,m( + 5)o2)ulv,~)
a4+ 1Yo+ + 5oy +7) (5.7)

for 0 <14,5,7,7 <2, v,7 €T. Then, in the notation of Example 5.3, we have
T = (F'[G], Mg, pt))r- But one can see that the corresponding associative tori
(F'[G], A(w, p))r and (F*[G], \(w?, p))r are isomorphic, under the isomorphism
induced by z{'z3zY — z4'z?27. So we may assume that ¢ = w, namely, T' =
(FYG], AM(w, p))r. We recall from [9, Lemma 1.1] that if T is free abelian or
F is algebraically closed, then any commutative twisted group algebra on I
is isomorphic to the commutative untwisted group algebra. Thus, if I' is free
abelian or [ is algebraically closed, then u can be taken to be 1. The converse

part follows from Example 5.3. O

Remark 5.5 In the notation of Proposition 5.4, let G be free abelian of rank
> 2 with a basis indexed by a set, say J. Assume, 1,2 € J. By Proposition 5.4,
T = (F'[G], M(w, 1)). However, by Example 2.9, we may assume \(w,1) = qu,
where q,, = (¢ij)ijes is the quantum matrix satisfying

W, i=1,j=2,
Gp=qw T i=2j=1 (5.8)

1, otherwise.

Using our earlier results and a modified reasoning of [11, Proposition 6.13],
we get the following result. To be precise, we provide details of the proof.

Proposition 5.6 Let w be a third root of unity. Let J be a special Jordan G-
torus over F of central degree 3 with central grading group I'. Then 3G CT' C G
and |G/T| = 9. Also,

J 2a { (Ft[G]’ )\(w,,u))ff, w e T,
H((Et[G]a )\(w,,u))p,o'), w € I,

where p is a 2-cocycle on T, E = F(w) = F(/=3), and o is the unique non-
trivial Galois automorphism of E.

Proof Since J is special, it is either a Hermitian torus or a Clifford torus. We
have already seen that if J is a Clifford torus, then deg(J) < 2 (see §4). So J

can only be a Hermitian torus. By Proposition 5.2, supp(J) = G. Therefore,
by Theorem 3.7, we have one of the following three possibilities:

J = H((F'[G], \),0,), A a 2-cocycle, and ¢ a quadratic map,

J = (FYG],\) ", X\ a 2-cocycle,

J = H((E'G], \),0), E a quadratic field extension of F, X a 2-cocycle, and
f an involution, as defined in Lemma 3.2.
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We begin by showing that the first possibility cannot happen. Consider the
center Z of J = H((F'[G],\),6,). By Proposition 5.2,

3G CT' C G =supp(J).

But as ¢ is a quadratic map, we have (27)? is central for any o € G implying
that 2G C I'. Now, 2G U 3G C I' implies I' = G, which is absurd.

We now consider the second and the third possibilities. By definition, J
is a finite-dimensional central special Jordan division algebra over Z of degree
3. By [11, 2.11] and Proposition 2.6 (iii), we have dim, J = 9 and G/I is a
2-dimensional vector space over the field of 3 elements.

If J = (FYG],\)", XA a 2-cocycle, then taking this isomorphism as an
identification, we get

Z(J) = Z((F'[G],N)) = Z((F'[G], V),

and so I is the central grading group of (F![G], \). Then by Proposition 5.4, F
contains a primitive third root of unity w and

(Ft [G]a )‘) = (Ft [G]a )‘(wa M))Fa
where p is a symmetric 2-cocycle on I'. Thus,
J = (F[G], Aw, )i

Finally, we suppose that the third possibility holds and we take it as an
identification. Then

Z((E'[G), V) = Z((E'[G],\)F) = Z(J 95 E) = Z(J) @5 E.

So (E![G], \) is an associative G-torus with central grading group I' such that
3G C I' € G and G/I' is a 2-dimensional vector space over Zs. Then by
Proposition 5.4, (E*[G], \) has central degree 3 and E contains a primitive third
root of unity w such that

(E'[G], ) = (E'[G], Aw, m))r,

where p is a 2-cocycle on I'. It follows from Lemma 3.2 that 6(z;) = x; for
i = 1,2 and that 6§ acts as an anti-automorphism on (E{[G], A\(w, ut))r. Therefore,

129 = O(z2x1) = O(wx122) = O(W)WT 2.
Thus, (w) = w ! # w and so w ¢ F. Finally, as [E: F] = 2, we have
E =F(w) = F(v/-3). O

Definition 5.7 Let G be a torsion free abelian group, and let A, I' be two
subgroups of G satisfying

3G g_ T - A - G, dimZ3(G/F) = 3, ding(A/F) = 2.
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Then we call the triple (G, A,T") an Albert triple.

Example 5.8 Let (G,A,T") be an Albert triple. We take o1, 09,03 € G such
that {o; +T'| 1 <i < 3} is a basis for G/T and {o; + T'| 1 < i < 2} is a basis
for A/T. Then

G = U (iUl —{—ng—l—k‘O’g—{-F), A = U (iUl —{—jO'Q—l—F).
0<4,5,k<2 0<4,j <2

Let
o = (FA] MNw, p)r = @ #°
ocEA
be the A-tori associated to the pair (A,T") (see Example 5.3), where p is a
2-cocycle on T and w is a third root of unity. Let Z = Z(</), and let tr be
the generic trace of the central closure 7. We fix nonzero elements u, € /1,
uy € /%2, and ug € /373, We note that 7 is a free Z-module with free basis

{ulud | 0 < i,j < 2}. Since tr is Z-linear, for any z € Z and a basis element

i,,J
ufjuy, we have

tr(ujuyz) = ztr(ujuz) =0 ((i.) # (0,0))

by Proposition 5.2, and so tr(«7) C Z. Since ug is an invertible element of Z,
we consider the first Tits construction A; = (&7, u3) (see [11, 6.5]). We call A,
the Jordan algebra associated to the Albert triple (G, A,T).

Claim A, is a Jordan G-torus of strong type.

To see this, we first give a G-grading to A; as follows. Recall that u; € &7
for i = 1,2 and us € 27373, We now fix ug = 1 € F = &7° and nonzero elements
uy € &7 for v € I'\ {0,303}. For o = io1 + joa +7€ A, 0< 4,5 <2, y€eT,
set uq = uluju,. Then we have

o = @Fua.
aEA
Next, for a = i01 + joa + kos+v7€ G, 0< 4,5,k <2, v, we set
(U, 0,0), k=0,
to =14 (0,uq—0q,0), k=1,
(0,0, uqt05), k=2.

We have
tey = (0,1,0), taog, = (0,0,u3), t_n =t =(0,0,1).

One easily checks that, as a vector space, we have

Ay = @Fta.

aceG
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Moreover, considering the multiplication rule in Ay, it is not hard, even though
tedious, to see that A, is strongly G-graded as a Jordan algebra and so A; is a

G-torus of strong type. To be more precise on this, we give a rough outline of
the argument as follows. Let us recall that, as a vector space, we have

N=ododdd.
Now, for a € o, we set
al® = (a,0,0), al) .= (0,a,0), a? = (0,0,a).

Also for o = io1 + joo + kos + v € G of the above form, we set

0, k=0,
():=¢ —1, k=1,
1, k= 2.
Then we have
to = u(k)
@ a+(a)os”

Now, if o/ = 4’01 + j'09 + ko3 +«' is another element in G of the above form,
then it is easy to see that

(k)

a+(a)os

(%)

a’+(a’)os

OB ()

u a+(a)oz  Ta'+(a’)os

XU =Tru

for some s € Z/2. Therefore,

a)(a)(a+a’) (k %4 /
tatar = r(ug? @ OTyE) ol ) CETE.
bt (e) (e’ )( ), (k) (k")
a)(a)(a+a’ /
U3 ua+(a)03 ' uo/-i-(o/)ag

is a homogeneous element of degree
() () a+d)os+a+d + (a)os + (/)oz = a+d + (a+ d)os.

It follows that
e(k+k")

totar = Tt o/ (atal) = Ttata!

for some scalar r. This shows that A; is G-graded. To see that it is of strong
type, we need to show that r is nonzero, or equivalently,

axb#0

if
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Suppose to the contrary that a x b = 0. Then we must have
tr(a - b) = tr(a)tr(b).

Now, if both a and b are central, then this gives ab = 3ab as tr(1) = 3, which is
absurd. If a is central but b not, then we get tr(a-b) = 0, which in turn implies
ab = 0, which is again absurd. Finally, if both a and b are non-central, then
again we get tr(a - b) = 0, which together with a x b = 0 implies a - b = 0, or
equivalently, ab = —ba. Then

ab = —ba = w'ba

for some integer ¢, which is absurd as w is a third root of unity.

By [11, Lemma 6.5], the central closure A; of A; is an Albert algebra over
7, and so A; is a Jordan G-torus of Albert type. We refer to A; as an Albert
G-torus constructed from an Albert triple (G, A,T"). O

Theorem 5.9 Let J be a Jordan G-torus of Albert type over F with central
grading group I'. Then G contains a subgroup A such that (G, A,T") is an Albert
triple and J is graded isomorphic to the Albert G-torus A;, constructed from
the Albert triple (G, A,T") (see Ezample 5.8). Conversely, given an Albert triple
(G,A,T'), the associated Jordan algebra A is an Albert G-torus.

Proof Let J = @ycqJ? be a Jordan G-torus as in the statement. Then the
central closure J is an Albert algebra over Z, Z := Z(J). We recall that an
Albert algebra is a 27-dimensional central simple exceptional Jordan algebra of
degree 3. By Proposition 5.2,

3G T CG, supp(J)=G.
Moreover, by Lemma 2.6,
27 = dim, J = |G/T|.
Since G/T" is a vector space over the field of 3 elements, we have
dimgz, (G/I") = 3.
Fix 01,09,03 € G such that {o; + ' | i = 1,2,3} is a basis for G/T". Then
G= |J (o1 +jos+kos+T).
0<i,j, k<2

Set
A= U (o1 + joo + 1), U := EB Jo.

1<6,j<2 ceEA

Since 3G C T', A is a subgroup of GG and so U is a subalgebra of J. We now
show that Z(U) = Z(J). Since I' C A, we have Z(J) C Z(U). Thus, we must
show Z(U) C Z(J). Let A; be the central grading group of U. Then

3GCI'CA; CACG.
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We now note that A; C A, because otherwise U is commutative and associative
and as J is an Albert division algebra, the subfield Z® U of J is 9-dimensional,
since |[A/T| = 9. But it follows from [4, Lemma 1] that this is impossible.

By Lemma 2.6, the central closure

U:=2(U)®zunU
is (A/Aq)-graded and A/A; cannot be a non-trivial cyclic group. Thus,
2 <dim(A/A;) < dim(A/T) = 2.
This gives
dim(A/A;) =2, A;=T.
That is,
ZU)=27Z=2Z(J).
Since Z(U) = Z(J), we have
U=Z®zU < J.

By [11, 2.6 (ii)], U is central. Thus, U is a central subalgebra of the division
algebra J and is 9-dimensional as |A/I'| = 9. So by the classification of finite-
dimensional central simple Jordan algebras, U is special (see [4, Corollary 2,
pp. 204-207]). Then by [11, 2.11], U has degree 3. Thus, U is a special Jordan
G-torus of central degree 3. So we may use the characterization given in
Proposition 5.6 for U, in terms of a primitive third root of unity w and a
2-cocycle p on I', namely,

o [EAN@AE weF,
=G
H((Et[A]aA(waM))F¢J)> w gF)
where E = F(w) and o is the non-trivial Galois automorphism of E.
We assume first that w € F. Then U = (F![A], A(w, u)){:. We fix nonzero

elements
Uy = Uy, € JY, ug i=uy, € J?, x e JO.

Set
U3 1= U3y = 3 e J3s,

Let tr be the generic trace of J. We have

U= @J"

oc€eA

_ EB Jiortjoa+y

0<i,j<2,vel

— @ JY Jioitios

0<,j<2,7€l

_ @ ZJiolJrjog’

0<,5<2
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where the second equality follows from Lemma 2.6 (i). Thus, U is a free Z-
module with basis {u{u} | 0 < i,j < 2}. Now, for 2 € Z and 0 < i,j < 2,

tr(zuju) = 2tr(uju}) = 0 ((i,5) # (0,0))
by Proposition 5.2, and is equal to ztr(1) if i = j = 0. Thus,

Tr(F'[A], Mw, p))r C Z.

Since x3 = w3 is an invertible element of Z, we may consider the first Tits

construction A; := (&7, u3) over Z, where o := (F'[A], \(w, u))r (see [11, 6.5]).
As we have seen in Example 5.8, A, is a Jordan G-torus of strong type.
Next, let
Ut :={yeJ|Tr(Uy) =0}

We show that Jo% J2%% C UL. Now, for 0 < 4,5 < 2 and k = 1,2, we have

(uiuy)xk € G\ T, so Tr((uiuj)z*) = 0, again by Proposition 5.2. Since tr is
Z-linear, we are done.
Now, setting
I =J, U= g, zi=us,

we see that the conditions of [11, 6.14] hold for the mentioned elements.
Therefore, J contains a subalgebra .J’ such that one of the following holds:

(I) there exists a Z-isomorphism ¢: (&7, u3) — J', which acts as identity
on o/ and ¢((0,1,0)) = x;
(IT) there exists a Z-isomorphism ¢: (<7, ugl) — J', which acts as identity
on o/ and ¢((0,0,1)) = x.
We assume first that (I) holds and take o € G. Then
o =101+ jos + ko + 7,

where 0 < 4,4,k <2 and v € I'. Since A; is of strong type,
o . .
Up = tf)'l : (t‘zrg : (t0'3 ’ tV))
is a nonzero element of A; and
0 # o(ug) = ubulzru, € J*.

Thus, ¢ is an isomorphism over Z, in particular, J =g A,.
Next, we assume that (II) holds. We note that the F-linear map

f: =P Fug — 7

aEA

induced by , A
uluduy, — ubudus,
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is an algebra isomorphism over F. We note that f(u3) = ug and Tro f = foTr.
It follows that J =g A;. This takes care of the case w € F.
Finally, we consider the case w ¢ F. Then we have

U=¢g H((Et[A]v )\(w,,u))r, U)a

where E = F(w) and o is the non-trivial Galois automorphism of E over F. Let
Jg = E ®p J be the Jordan torus over E. Let 7 := 0 ® id be a o-semilinear
involution of Jg over F. Then Ugp = E ®p U is a subalgebra of Jg. Since J is
exceptional, so is Jg. Hence, the Jordan G-torus Jg is of Albert type since the
other two types are special. Then taking us := 3, where

04z € J% CE®pJ%,

we can consider, as in the previous case, the Albert torus :&t = (B,us),
where B := (E'[A], \(w,x))r for t = (0,1,0) € Ay, and corresponding two
isomorphisms o1 : Jg — A} with Plly, = Pllp = id, p1(x) =t; and po: Jg — I&t
with po(z) = ¢, pa(u1) = ug, w2(uz) = uy, P21y, = P20p is an automorphism
of the associative algebra B. Now, considering these isomorphisms as identifi-
cations and using the fact that

T(ugug) = o(ujug) = uguq,

we get
(uug) - t = (wuqug) - t = w(ugusg) - t,

which contradicts (ujug) -t # 0. Thus, w ¢ F cannot happen and so there is no
second Tits construction in this case. U
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