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“Radical zero” forces a finite dimensional
associative algebra to have a unity

Fujio Kubo

Abstract

‘We have many times faced to the situation in which we have to be
careful of the existence of the unity. In this short article, it is not the case
for finite dimensional associative algebras with a trivial Jacobson radical.
Most of contents of this article are found in the B.Matej [1].

1 RadA =0 < A is semiprime

Throughout this paper, let F denote a field and let A be an associative
algebra over F.

Let us first remind the notions ‘simple”, ‘semisimple”, “prime” and “semiprime”.

Definition 1.1 Let A be an algebra.
(1) A is simple if A has no notrivial two-sided idel of A and AA # 0.
(2) A is semisimple if A is a direct sum of simple ideals of A.
(3) A is prime if aAb =0 implies a =0 or b=0.
(4) A is semiprime if aAa =0 implies a = 0.
(5) A is of radical zero if A has no nilpotent ideal.

We state the relations among them. Let A be a finite dimensonal associative
algebra.

(1) If A is simple then A is prime.

[Why?] Take any nonzero elements a,b € A. Then Fa + Aa + aA + AaA
and Fb + Ab+ bA + AbA is nonzero ideal of A. We have A = Fa + Aa +
aA + AaA = Fb+ Ab+ bA + AbA.Therefore A = A3 = (Fa+ Aa +ad +
AaA)A(Fb + Ab + bA + AbA) = (aA + AaA)(Fb + Ab + bA + AbA) =
aAb -+ aAbA + AaAb + AaAbA, which implies aAb # 0.

[Prime % Simple] Let A = Flz] be an algebra of polynomials over F. Then
A is prime but not simple.

[When A is finite dimensional, Prime => Simple]

Proposition 1.2 Let A be an algebra. RadA = 0 if and only if A is semiprome
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Proof. Assume that A is semiprime. If I is a nonzero nilpotent with I™ = 0 and
I™=1 £ 0, one can take a nonzero a € I. Then ada C I?"~2 C I = (. Since 4
is semiprime, a = 0 which is a contradiction. Therefore every nilpotent ideal of
A is zero, in other words, RadA = 0.

Conversely assume that RadA = 0. Assuming that ada =0, let T = ka +
Aa + aA. Since (AaA)? = 0 one has AaA = 0. Hence [ is an ideal of A4, and
I3 = 0. Therefore I =0 and a = 0.

2 A nonzero finite dimensional semiprime alge-
bra has a nonzero idempotent

Lemma 2.1 ([1]) If A is a nonzero finite dimensional semiprime algebra, then
there ezists a nonzero idempotent e € A such that eAe is a division algebra.

Proof. The proof will follow to that in [1] with some extra explanation. Take
a nonozero left ideal L of minimal dimension. Let 0 # x € L. Since A is
semiprime, there exist a € A such that zaz 5% 0. They put y = az € L and say
that we have z,y € Lsuch that zy # 0, which implies that Ly is a nonzero left
ideal containd in L. Hence Ly = L and we can find e € L such that ey = y. Let
T = {z € L|zy = 0}, then e — e € T. Moreover T is a left ideal of A contained
strictly in L because z € L, T = 0. Therefore e? = e and e is an idempotent in
A.

We will next show that eAe is a division algebra. Obviously e = 1.4.. We
must s how that any nonzero element eae with @ € A has an inverse. We
have 0 # Aeae C Ae = L and Aeae = L. Therefore there exists b € A such
that beae = e, and hence (ebe)(eae) = e? = e. Applying the same argument
to ebe, we can find ¢ € A such that (ece)(ebe) = e. Then ece = (ece)e =
(ece)(ebe)(eae) = e(eae) = eae and ebe = (eae)™ . ]

3 Subalgebra A = {a — ae — ea + eaela € A} of A

Let e be a nontrivial idempotent, ie., e # 14 and e # 0. Consider the
subspace A = {a — ae — ea + eae|a € A} of A and denote by

@ = a — ae — ea -+ eae.

Then we easily have the following formulas

a+b = a+b )
G = ab—aeb (2)
e = ea=20 3)

Ifec A with e = d(a € A), then €2 = €d@ = 0 by (3), a contradiction. Hence
e ¢ A. Therefore A is a subalgebra by the formulas (1) and (2) such that e & A.

Lemma 3.1 ([1]) Let A be a finite dimensional prime algebra and let e be a
nontrivial idempotent in A. Then A is a prime algebra with e & A.
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Proof. The proof will also follow to that in [1] with some extra explanation.
(1) We first state a simple formula

(a — ae)b(c — ec) = abe. 4)

(2) We next prove that A # 0. Assume that A = 0. Then (a—ae)A(c—ec) =
0 for all a,c € A by (4). If there exits an a € A such that a — ae 5 0, then by
the primeness of A, one has ¢ — ec = 0 for any ¢ € A. Hence

0 = a(c — ec) = (a — ae)c, and therefore, (@ — ae)A = 0.

The last equation leads to (a—ae)A(a—ae) = 0, which contradicts to a—ae # 0.
Hence A # 0.
(3) The primeness of A follows from the equation

abe = abe, (5)
which is easily proved by a(b — I;\)’c‘ € @(eA + Ae)¢ and (3). ]

Lemma 3.2 ([1]) Let A be a finite dimensional prime algebra and e be a non-
trivial idempotent in A. If A has a unity 15, then A has a unity.

Proof. Write 13 = ffor some f € A. We shall prove that e+ fis a unity of A.
Let a be any element of A. Since faf fc‘fby (5), faf fﬁf= 1 g’cif= Zif=
(a—ae—ea+eae)f = (a—ea)f by (3). Hence ((e+f)a a)f =0forany a € A.
Inserting b € A into the left, we have ((e + f)a — a)bf = ((e+ flab—ab)f =0
and then ((e + Fa —a)Af = 0 which implies (e + fla — a = 0. Similarly we
have a(e + f) = a. ]

Theorem 3.3 A nonzero finite dimensional prime algebra necessarily has a
unity.

Proof. We proceed by induction on N = dimp A. As for the case N = 1, let
A=Ta (a € A) and aa = Aa (A # 0). Then A has a unity (1/)\)a.

Let N > 1. A has a nonzero idempotent e by Lemma 2.1. If e is a unity
of A, then we have done. If e is a nontrivial idempotent, then Ais a prime
sugalgebra of A with e ¢ A (hence dimp A < N) by Lemma 3.1. By induction
hypothesis Ahasa unity 1z. Therefore A has a unity by Lemma 3.2. |

4 A nonzero finite dimensional semiprime alge-
bra has a unity

Theorem 4.1 A nonzero finite dimensional semiprime algebra necessarily has
a unity.

Proof. Let A be a nonzero finite dimensional semiprime algebra. If A is prime,
then A has a unity by Theorem 3.3. Assume that A is not prime. Let a,b be
nonzero elements in A such that aAb = 0. Consider the subspace

I={z € Aladz =0} #0.
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Since aA(AI) = aA(IA) =0, I is a ideal of A. Furthermore I is semiprime. In
fact, if z € I satisfies that zIz = 0, then for any y € A we have (zyz)A(zyz) C
zIz = 0 and then Az = 0. This implies z = 0, which shows that I is semiprime.
By the induction hypothesis I has a unity 1;.

‘We next consider a “correspoinding” subspace

J={z—1jz|z € A}.

Let us show that 1) J is an ideal of A, 2) J is prime, 3) A = I + J and 4)
INJ =0 as follows. 1): We use a simple formura 17z = z1; (z € A) which
follows from 11z = (112)1y = 17(21y) = 217 --- (f). For z— 17z € J and w € A,
we have (z — 1r2)w = 2w — 1;(2w) € J and w(z — 1;2) = wz — w(l;2) =
wz — (wlr)z = wz — (l;yw)z € J by (f), which shows that J is an ideal of A. 2)
It follows from the formula

(z —1r2)(w — Lyw)(z — 172) = (z — 112)w(z — 152)

(2,w € A) that (z — 172)J(z — 172) = 0 implies that (z — 172)A(z — 112) =0
and z — 17z =0. 3) follows from z = l;z+ 2z — 17z (2 € A). 4): Take z€ INJ
and write z = — 1ru (u € A). Then z =17z = 1;u — 1;(1u) = 0.

By induction hypothesis, we have a unity 1y of J. It is now easy to verify
that 11+ 1sisaunityof A=1+J. ]

References
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Reflection spaces of an abelian group

Iwate University
Yoji Yoshii

We introduce a reflection space of an abelian group, which is a generalization of a
subgroup.

Let G = (G, +,0) be an abelian group.
Definition 1 A subset E of G is called a refection space of G if
2z—y€E (or 2E—~ECE) (1)
for all z,y € E. On the other hand, E is called a symmetric reflection space of G if
z—2yeE (or E-2ECE) (2)
for all z,y € E. Also, we say that F is pointed if 0 € E.

(See [LN], [NY], [Y1], [Y2] and [Y3]. In some references a symmetric reflection space is
simply called a reflection space.)

For example, if G = Z, then a symmetric reflection space of Z is just mZ or m(2Z+1).
On the other hand, mZ + e for any m,e € Z is a reflection space. In particular, any
singleton {e} is a reflection space.

Lemma 1 Let E be a symmetric reflection space of G. Then —E = E.
Hence E+2E C E and 2E — E C E. Thus a symmetric reflection space is a reflection
space.

Proof) Forz € E,wehavex —2x =—-x € E. Hence —-EC E. Thus EC —E. O
Lemma 2 Let E be a reflection space of G. Then
E is pointed = E is a symmetric reflection space.

Hence, a pointed reflection space is a pointed symmetric reflection space.
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Proof) Since 0 € E, weget —E C E. Hence E-2E=—-(2E—-E)CE. O

Lemma 3 Let E be a reflection space of G. Then E — e for any e € E is a pointed
reflection space.

Proof) We have 2(F —¢) — (E—¢e) = (2E—FE)—e C E — e, and so E is a reflection
space. It is clear that 0 € £ —e. O

Lemma 4 Let E be a subset of G. For any e, e € E, we have
(E-e)=(E~¢),
where the bracket (A) means the subgroup generated by a subset A of G.

Proof) Forxz € E,wehavez —e,e —e€ E—e. Hencez—¢' =z —e— (¢ —e) € (E—e),
and so (E — €/) C (E — ¢). Similarly, we have (E —¢e) C(E —¢€). O

Lemma 5 Let E be a pointed reflection space of G, and let e € E. Then (e) C E.

Proof) Since 0 € E (so E is symmetric), we have &:2e = 042 € F and £3e = *(e+2¢) €
E. Similarly, we have 2me = 0+ (2e+---+2¢) € Fand 2m+1)e=e+(2e+---+2e) € E
forallmeZ. O

More generally, we have:

Lemma 6 Let E be a symmetric reflection space of G. Suppose that {e;}ic5 C E, where
J is any index set. Then E + 2(e;)icy C E. Hence, E+2(E) = E.

Proof) Let x € E + 2(ei)icy. Then z = e+ 2377 cje;;, where ¢; = 1 or ~1, and
ei; € {e:}iey. Thus z = e+ 2¢c1e5 + - - - + 2¢ne4, € E, inductively. (Note that —e;; € E by
Lemma 1). O

Let us classify reflection spaces.

Proposition 1 Let E be a subset of G. Then

m
E is a symmetric reflection space <= E = U (2{E) +es) (3)
i=1
for some 1 <m < |(E)/2(E)| and some e; € E, and if E is pointed, then some e; = 0.
Moreover,

m
E is a reflection space <> E = U (2(F — e) + z;) (4)
i=1

for any e € G (see Lemma 4), and some z; € E and 1 <m < |(E — e)/2(E — ¢€)|.

11



Y. Yoshii/Lie Algebras and Related Topics 29

Proof) TFor (3), (<=) is clear. For the other implication, ' contains 2(E) by Lemma 6.
Thus E is a union of cosets in (E)/2(E).

For (4), (<=) is clear. For the other implication, note that F —e for e € F is a pointed
reflection space, by Lemma 3. Hence by (3), we have

m

B-e=|J (B -¢) +g),

i=1

where g; € E — e. So letting z; := g; + e, we obtain (4). O

Example 1 A union of cosets in (117 x mZ)/(2m1Z x 2moZ) plus some (e1, e2) € Z? for
m1,ma € Z is an example of reflection spaces of Z2. In particular, (mi1Z+e1) X (maZ +e3)
is a reflection space of Z2.

Where can we find reflection spaces?

Let us recall extended affine root systems.

Definition 2 Let V be a finite-dimensional vector space over (Q with a positive semidef-
inite symmetric bilinear form (-,-). A subset 3 of V is called an extended affine root
system if R satisfies the following:

(A1) (a,a) # 0 for all & € R, and P spans V/;

(A2) (o, B) € Z for all o, B € R, where (o, ) = z((To‘[fT),

(A3) 04(B) € R for all a, B € R, where 0,(8) = — (6, v)os

(A4) R =R UR2 and (R, Re) =0 imply R1 =0 or Ry = (irreducibillity)
(see [MY] and [Y2]).

One can show that if (-,-) is positive definite, then R is a finite irreducible root
system (see [MY]).

" Let
VO:={zeV|(z,y) =0forally eV}

be the radical of the form, and
iV —V/VO

the canonical surjection. Note that R is a finite irreducible root system.
For & € R, let & € V be an inverse image of &, i.e., & = & Let

Ss:={s€V°|a+secnr}
Then we have

Oors(@+s)=da+s—{(d+sa+s)(d+s)=—-a—-scR
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Thus —s € S_4, and so —Sg C S_g4. Similarly, we have —S_45 C S4, and hence
—S4=8_g (5)
Also, we have
Oert(+8)=a+s—{(a+s,a+t)a+t)=—-a+s-2tER,
and hence s — 2t € S_ for all s,t € Sg. Tilus S — 285 C S—4, and by (5), we get
284 — Sa C Sa

for all & € R. Thus, S, is a reflection space of V0. We note that if we take & € R, e.g.
& = a, then 0 € S, and so Sy is a pointed reflection space (see Lemma 2).

Reflection spaces are important not only for root systems but also for Lie algebras. Let
us give one simple example. Let F be a field of characteristic # 2.

Let {e, f,h} be a standard basis of the Lie algebra sly(F") so that [e, f] = A, [h,e] = 2e
and [h, f] = —2f, having the root system {+a} relative to Fh, i.e., « is the linear form of
Fh such that a(h) = 2. Let

L = sly(F[t*])) = slp(F) ® F[t*!]
be the loop algebra, which is a (Za x Z)-graded Lie algebra, defining
Ll =Fe®t", L', =Ff®t" and Lj=Fhet"
for all n € Z, and all the other homogeneous spaces are 0, i.e., L}, = 0 for k # £1,0. Let
M = (e ® " F[t*?)) @ (f ® t " F[t*?]) ® (h @ F[t*7])

be the homogeneous subalgebra of L generated by e®t", f®t™" and h ® t*P for p,r € Z.
Let
Sio = suppiM ={n € Z| M nNLL, +# 0}

be subsets of Z. For m,k € S,, since
le®t™ [e®t™ f @t 0,

we have 2m — k € S,. Thus S, is a reflection space of Z. Similarly, §_, is a reflection
space of Z. Moreover, one can easily see that

So=pL+7r and S_o=pZ-—r.

Thus reflection spaces naturally appear in supports of graded subalgebras of a loop algebra
(see [Y3] for more general examples).
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/ IVLZEE DB B IR EEL

HEEE CUNIEREREGR TZE05)

J IV 1288 X OBAEER D T % von Neumann-Jordan E# Cny(X)
& U James EH J(O ZEL X <HBNELBOEHbNTVS. chbZibE
ICHBNTT % & LB ICRER D NIEREREZW S DB S.

1 Absolute normalized ./ JU L\ & hBEIER

KIZEBAR X 3ERBAC L95.

Definition 1. K” =MD ./ VI || - 1| B absolute normalized T % & 13
(AND) I(x1, %25+ 5 2ol = I3l 22l - - LxaDll (x; € K),
(AN2) llell=llell="--=llell =1

BT ERV, FORMER AN, TRT.

Example 1. XD £, / IV |-, (1< p<oo)

1 e\ P 1< 0o
G- s xa)llp = (Z1=1 xl ) (1< p<o),
max{lxil, -, |xl} (p= )
I absolute normalized / VL TH YD, FED |-l e AN, KX LT
Illo < M- -1
BEEDAL> TV 5.
[AE:S

An={s=(s.- .sp) €R™ B s <1, 5;20(1< j<n-1))

U, JD (Ao). (A1), - . (An) BT T A, LD EFRMEE g D2EE ¥, T
x£7.
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(Ad) w0 = y(e) = -~ = Y(er1) = L,
(A_I) ‘p(s) 2 (I“Sj)(lj 1- Sj(sls"' 993"' ,Sn_l)) (S?'—'BJ, j: 1,---,n- 1)’
(A) w(9) = (I sj)w[—rjl—s] (s# 0.

=15

L, n=20&EIZE, A =]0, 1]1350, ¥,

O MRy DM

S

max{l —¢ §<yY(H <1

Lk,

R, eV R UTK? LD/ V| -lly 2

(=2, 1%) w[—l—— (xl, - ,lxnn] (x# o),

Z;_—;[ IXjI
0 (x=0

(xs-- xallly =

IC X DEFET D L absolute normalized /IVLICHRD, TORG
Yooy e || lly € AN,

FEBENC > TWA, £ JIVEA |- IEHST S BEE ¢, &

1,02(}(1""' ,Xn—-l) = \/2 ZIJ:%(X?]"' Xj)+22j<ijXj+ 1

THD, n=2DLE, ()= V28 -2t+1TH5.

2 von Neumann-Jordan TEZX

P.Jordan & J.von Neumann (& / )V LNZERAAREZEMTH 5 < &2 PRREED
BOIE % C & TR o, T HUCBEE LT J.A. Clarkson 1&RD X 5 7584
ZEA LT

Definition 2. /L LZEM X IZHBWT

llx+ ¥ + lix— yf

Gl = S“p{ 20N+ D)

: X, y€ X, notboth 0}

2

16
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% X 0 von Neumann-Jordan FEEL LS.
—fgic 1 < CNJ(X) <2THD, CNJ(X) =1 e X: AREZEM DR DIIo
TWa. &z, £, /IVA| -, EDWVTE

Gu(ll-lp) = yl2-p)/ pl (1< p<oo)

MHLENTVS.

BfEL LTVBT L, e P iITWinD |-y € AN LT, Gadl-lly)
ERHBCLTHA. LHL, nz3DEEORBAR, FLACABEILN
TOWEVWODNERTHS. LUTTE, n=22 LT, WODDRBRERNS.

T, y ey, M= maxy(d/ya(, My = maxyo(D/p() £ 2 &

max{M, M3} < Gu(ll- lly) < Mz M;

DFEOIIDT EHHMD, RO Theorems A, B BHI LN TS (cf. [5]).
Theorem A. ¢ € P, B t=1/2ICBALTHMEL, t=1/21cBNT, M Fit
M OEREZ LTS, TOEE, RPRDILD.

Gu(ll - Ily) = Me M.

Theorem B. y € ¥, IcXR LT, KAV IILD.
0 v2v = Gull-lly =M,
(i) v<y2 = Gull-lly) = M.

Theorem A D&MD E & Tl
Cua(ll - lly) = max{M; M3} < ¢ 2y or ¢ < i

THBZ ehbh5E. FTRIS, Gull- lly) = M% MZ2 LB LEICDNT
EZ, ROBERIP/LSNTE ([1)).

Theorem 1. K=R &9 5%. yeP, B r=1/2 cBILTHIBEEL, [0,1/2] 1
FWT M, (resp. My) DIERE & S ¢ uniqude T 4 (resp. b)) £ %. TDEE,
KA D ILD.

Gall-lly) = MMz & t6(1-26)(1-26)=0o0r (1-a)1-5)=1/2.

17
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Thorem 1 @ *if’ part I DWW, #, & O unique % K = R DIRERIFE
5ERVDT, 2D LEEEZ, RO corollary DD IIDT LD 5.

Corollary 1. y € ¥, £ 5%. M = max YO (D) (resp. M, = [ax wz(t)/z,b(t))

<t<1

DffiZe L % t DIE t (resp. b)) TRDODWT N ZEERTEDDHB LT 3.
@i he=0,
() @& t=12 CBEUNHT, (1-24)1-28)=0,
(i) ¥ i& t=1/2ICEALHHT, 1-6)1-86)=1/2.

cne¥, Gull-ll,)= MM ThHs.

3 James B
Definition 3. /JVLZE[E X icBWT
J(X) = sup{min(lx+ f, lIx—J) : xye X |zl =iyl =1}

% James B E WD,
—fi%lc, Gu(X) EDBEFBRIAE LT

1 < JX2 < Gu(X) s JX) <2

DEOIIDTEPHOENTVS (cf. [3,7]). TDTEMND, ¥ e ¥y, My =
max y(0/ya(8), Ma = max y2(d/y() LgBHE

max(M2 M2} < J(I-lly) < V2My My

AR ILD. 2cBU B Gu(l-lly) LALCE SIS, TOEADESKIISE
rEEZ, LITORENMES N (1.

Proposition 1. v € W, I3 U TRAE D LD,
Jl-1ly) = max(M;, M3} &= =y Or Yoo,

Theorem 2. K =R £9 3. y e ¥, W= 12 WCBELTHIFLEL, M =
Oggﬁzw(t)/wz(t), M2=Ogt%2¢2(z)/¢(t) ETB. TDEE, RHEDILD.

4
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J-ly) = V2Mi My =

_ wa) _ (o)
M= ga(tr)’ = k)’

(A=-u)l-1)= % 129 4, b € [0, 1/2] BFE.

Theorem 2 @ ’if” part [I< DWW TIE, K =R DREFTFETHD, KD corol-
lary HYAL D 31D,

Corollary 2. K =CorR G, Theorem 2 DFHZHET L E, KRB ID.
1
Garll - lly) = Gl - llg) = Cz(ll - i) = CzAl - lly) = '2'J(|| gy = M2 MG,

S llx+ My llx— Ay 3 ‘
TZT, CZ(II.HW):SHP{W : (%) # (0,0} (Zbiganu E4)

THB. Cylll-ly), Coll- 1) &, ZTNENIIET 2EHOD 1Kl = Iyl = 1 DS
BT D sup DIETH 5.

4 Some examples

28, 3HIOHROEAFIZN DB TS,

Examples 2. (cf. [2]) (i) Parabolanorm: 0 < c< 1 i LT
Yparig = cl—ct+1 (0<t<1)

BRI O—ERT P, DREITH D, ﬁmﬁ‘zﬁ J VI
c|

1 Pl = 14+ 1= S for ) # 0
ThHa. TDOLE ,
4- 4-
Gl o) = L T lpart) = 252
3.

(ii) Ellipse norm: 0 < a<2+cicxf LT
Yerao®d =1+ yc— V-al +at+c (0<t<1)
BHEMO—ET Y, OFETHD, MST 5/ VA
1z Wletxag = (1 + VOX14 + W) = V(i + [W)? + alzw| for (zw) # o
TH?b. TDLE
Cull-leiae) = 2(1 + V= VaT46/2)’, Jl-leiae) = 2+2 Ve~ Va+ de
TH5.
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(iii) Hyperbolanorm: 0 < a, & < 4clcH LT
Uiypao( = Val —at+c+1-+c (0<t<1)
EHFRO—EET W, OB TH D, MET 5/ VLI
1z Wllaypae = (1 = 1)1 + W) + Vo4 + W) — dzd for (zw) # o
THY, L0 ngpen & & VL THB. TOEE

Gaill - Naypan) =

%(\/4(:—a+2——2\/6)2 if cz1, 0<a<2+/c

or 0<c<1, 0<acxp(o),

_a%g)@ if 0<cs3“22\/_2—, plcd)<a<idc
or 3_22‘/§<c<1, plo)< a<a(o),
a(@+2 - 4o if 3"_2\/§<c<—1-, oc(c)<a<iéc
(a=260)(Vadc—a+2—2+c)? 2 4

—

or <c<1, o(@<a<24/

TTT, plo)= %{3c+2\/?:— 1+(1 - vVO+/9c—2+c+ 1}, o (c) = (84 V2) o
6+4V2 TH%.

Example3. 0<c<1&Ll, y() =max{l—-ct, 1 -c+ct 1—%2—} LTa e,
Ye¥, Ths. Wi5Ts VLI
Iz Wllergey = 124 + |wd — min {cl, dwh, S (14 + [wh)}
THY, cDEICK>T
w(/2) _2-¢
M, = =—— M=1 < -1 3),
VTR e (es-1+ %)

o) — _Ya(k) _ N2(E=2c+2) B
Ml—wz(h)—\/c2 2c+2, My = 6 = ( 1+\/§<c)
LB, TTT, 1=(1-0/Q=0, b=c/2THY, A-t)1-t)=1/2%
W9, &> 7T, Theorem2 x EIC KD

2- ¢ if 0<c<-1+13,

K- ly) = +2Cns0 - lly) = 2R —-2¢c+2)

T if —-1+vV3<ex<l.

6
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1 [XC®IC

BREEF Lo~7 MVZER Fr = {(ag, *+,0n-1) | a; € F} OEHZER C D2 L2k
& n OBBHE VD, BIBHS C CF* B&MHt

(ao,al, .- -,an_1) eC 7 Hix (an-l,ao,al, s ,an_z) cC

Bl & QEHFZTHD LV D,

J. A. Wood iZBR7 u_=U A8 LOMEERE (8] ICRBWTHMN Lz, £72. M.
Greferath & M. E. O'Sullivan IZER 7 a_R=0U 2B LOT o v 7 HE%E 2] KBV TH
~z,

AR BNTIE, AR QF BEOFSHEBEBET DL 2BET D,

LIBEIZHT H2VRY . RIiX (BT LH AR TIEARY) ] n X2l EoBaREK (9)
X g€ RIX] Lo CERENDFA T T NHERTOD LT D,

2 QFIE

R&BLT5, & RIEE P BNEENETHD LT, B0 R-EREES g: M —
N LEBO RERMER f: P> NIZH LT, #%47%2 RERMEMSR h: P - M B F
FELT, f=goh BV IMDOZ E&WD, EEOHEMEEL B BHMBEIEOIAETNDZ &
RE<mbihTnsg,

£ RNEE Q WASHMBETHS LT, EEOHESN REFRIER g: N - M LEE
O R¥ERBES f: N - QL T, BY% RREREE®R h: M - Q BPFELT,
f = hog WERV IO L E VD, EEOMBEERASMBITEDAEND Z LR E<MBHN
T3,

BRIITRBENE (B MELLTAKMTHLIEE, £ (B BCARRERTHS L
WH, RBPEHRCAHTHY., GHCAR TLH D L&, BICACARHERTHSL LW,
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= RINEE M BT AFMEE L3 M MBESMEBRCE U CHREEEER-TILTH
BHEWH,

B RIZRBEENE CF) ML LTTAFUVNEETHIEE, £ (B) TAVFUER
Thi LW, RBETLVFUTHY, ETAVF L Thhd L&, BITAFUVRTHD
Lwa,

SO R VICHEHEEHITTAH I LT, F—F R —F—REEETDHI L
NTE 5B,

HRBIIHONCTALF VB TH D,

M %E RMEELT5, HOES X C M LT, X @ annihilator &

anny(X)= {r e R | fEED z € X IZx& L Trz =0},

LEDD, THIE R DEATTNVERD, . H RMEEOEHSES X @ annihilator
ann, (X) bRBICERSND, LI NIE R DEATTIVERD,
FHE 1. £EDOR R ICH LT, ROFHFIZFRETH D,
(1) R FETIVF ViR BEAHRTH D,
(2) R HET AT o HEARE CH S,
(3) RIFAEFR—F—BTHY., WOFEMEWIT,
(3a) EBDHEA T TV AC RIZx LT ann,(anmA) = A B3 YD 3L,
(3b) EEDEAT 7/ I C RIZK LT any(ann,I) = I 23 YD 3L,

EE 2. TH 1 OF&MEH TR EZ QF (quasi-Frobenius) 2 & FE5,

QF (quasi-Frobenius) B DEBIIEL AR TH D Z L BT D,

EZEDE R-MEE pM 125t LT, M* = Homg(rM, rR) 1%, & R-MEEIC25, R DA
LHDOERIFERD X S ICEESND,

(Fr)am) = Fmyr

TZC.reRmeEM, fe M* ThHD,

BARRERBIES £ M — M* 2RO EIIZEET D,

Em)(f) = f(m)

ZZT, meM,feM* Thd,

ERREREEM £ M — M™ BNEFTHB & X, NEE M i3 torsionless & FFTHL
%, BRBERIBERG ¢ M — M* PDEEFTH D & &, MBE M T reflexive LT
na,

FE 3. R% QFRLTH, EEOARAER R-MEE M X reflezive TH D,

M OEBOESIMEE AICH LT, A°={fe M| f(4) =0} LEDD, it M*
DOEBL MBI D

I 4. R & QF B, pM ZHWRAERE RMEEL T2, M OEBEOEHSMEE AL
T. &£ R-INBEORE A =~ A Bk Y 1D,

9
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3 BREOKERFE

REHBERETD, R* O kE OEBEESMEE C C R™ %, R LOERK [n, k-
BHEELES, n 2BREHE C DRI L&V,

R FIZHD & 5 iR R NEZ EET D,
T = (To,T1, "y Tne1)s ¥ = (Y0, Y1, +» Yn—1) € RPITH LT

< @,y >= iy Ty
ERAS C OFREE C+ 2RO XD IZEHET D,
Ct={ae R EED ce C X LT <¢a>=0}
B2 CF 13 R EORBEEEICR D,
@EE 5. BIRE R OEBBHAE Clcxt LT, AMEEE LTORE C = C° BEY o,
EH 4 LML LY, RO EDBEY LD,
TH 6. R %ER QF 8. C % R* OEBRWHELTE, Zokx, (CYL=C »B3Y

AYAGN
TS C+ OREEICEE LT, WASELY 3o,

T 7. R %AR QF B, C C R* 28REHROEEBHEIMEL TS, Zokx, CL
IEREROABBEMETH Y, X, rankCt =n —rankC L7225,

FES CEHGICEALTIE. B RBVAERTH D &0 FHIXLER,
wiz, KEHFZZERT D,

¥% 8.C % R LOESH n OEBREAE LT 5, C B35&4F
((ZQ, Ay, -, an-l) eC 7 HiE (an_l,ao,al, oe ,an_z) eC
BT EE KEFETHD LW,

KEGEITSERBORKBOEA T TNV ERRTIENTED, £ RMEEL LT
DUEREIER p : R — R[X]/@@" - 1) #a = (a,a1," ,an1) WX LT, FIEE
U1 X" L+ da X fag ERHIESEDREB/REEERTDH, ZDLE, R* OXKEHFEL
RIX]/(z"—1) DEATFT V% p 2 BLTR-RT B LN TES,

24
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4 FTHIROBRE KEFS
ESERBE S Z LT, TSIREMHT 5,

TE 9. RER, 02 FTOHCERAERLTD, S & 12,22, - ZEKLTHEHBE R-
ML L, 8% ofel =2 L or =0(r)z LK VEDD, TZT.r€eRETH, TD
EO IR ENEER S 2EBLEAR LIFEC, 5 Rlz;0] TRDLT,

REES p DA E Hoy & T 21758 %, ELHEAREZROTHERT 5.

B 10. Fr 200850 p" OFREL L, 0 2207 u_=0RERLETDH, DL E,
W ORI DR Y 32D,

Fyrlz; 0] =2 M. (F,).

TTHIBROKEIE 5% BAERENRD 21203, THIRZ AL T2 L ENROFIRBEOHE
ERETOBERD D,

Bl 11. 17518 R = My(Fo) W& LT, FliE Z =F, TH Y, WOREIFLY 3L,
R[z)/(z® — 1) & RRzZ[z]/(z® — 1) = My(F3) ® My(Fy).

A3, FFHIBRIEIT T, —B&O QF ROKEHFZE2RET 5 HIELZRAETOILE
B D,

& XK
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