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AUTOMORPHISMS OF A LOCALLY AFFINE ROOT SYSTEM OF TYPE Agl_)l

JUN MORITA AND YOJI YOSHII

. . (1)
ABSTRACT. We determine the automorphism group of a locally affine root system of type Ay,

which particularly gives the corresponding outer automorphism group. As a corollary, the auto-
morphism group of an affine root system of type Aillll is well understood in a certain general
picture.

1. INTRODUCTION

Let us start with the definition of locally extended affine root systems introduced in [MY1] (see
also [Y]).

Definition 1.1. Let V be a vector space over Q with a positive semidefinite bilinear form (-,-). A
subset R of V is called a locally extended affine root system or a LEARS for short if

(A1) (a,a)#0 for all @ € R, and R spans V;
A2) (o, 8) € Z for all o, f € R, where (o, ) = 2(a, B) .
)

( (65.5)
(A3) 04(B) € R for all o, 8 € R, where 0,(8) =8 — (8, a)a;
(

A4) R= Ry UR; and (R, R3) =0 imply R; = 0 or Ry = (). (R is irreducible.)
A LEARS R is called reduced if 2a ¢ R for all o € R.

Definition 1.2. LEARS (V, R) and (V', R’) are called isomorphic, denoted by R = R/, if there
is a linear isomorphism ¢ : V. — V' such that ¢(R) = R’ and (o, ) = (p(a),(B)) for all
o, € R. In particular, we define the automorphism group, called Aut R, of a LEARS R by
Aut R = {p | ¢ : R = R an isomorphism}. We note that o, € Aut R and —1y € Aut R. Then,
we define W(R) to be the subgroup, called the Weyl group, of Aut R generated by o, for all a € R.
Since pooy0p~! = Ts(a), the Weyl group W(R) is a normal subgroup of Aut R, which allows us
to put Out R = Aut R/W (R) as the outer automorphism group of R.

Let VO := {z € V | (z,y) = 0 for all y € V} be the radical of the form. We call a LEARS
(R,V) an extended affine root system or an EARS for short, if dimg V/V? < co and (R) is free.
This coincides with the concept, which was firstly introduced by Saito in 1985 [S]. The notion of
an EARS was also used in a different sense in [AABGP], but Azam showed that there is a natural
correspondence between the two notions in [A]. EARS in Saito’s sense naturally generalize the
Macdonald’s affine root systems in [M].

When the torsion-free abelian group (R) NV is free, we say that R has nullity. Our LEARS
are a natural generalization of the Saito’s EARS. In fact, Saito’s EARS are the same as our EARS
embedded into the real vector space R®qg V. Similarly, irreducible affine root systems in the sense of
Macdonald [M] are our EARS of nullity 1. Note that the reduced irreducible affine root systems are
the real roots of affine Kac-Moody Lie algebras. The elliptic root systems defined by Saito [S] are
our EARS of nullity 2. Also, the sets of nonisotropic roots of EARS in [AABGP] are our reduced
EARS of finite rank (see [A]).

We call a LEARS of nullity 1 a locally affine root system, which generalizes irreducible affine root
systems (see [N], [MY2]). Note that LEARS of nullity 0 are so-called locally finite irreducible root
systems, which generalizes finite irreducible root systems (see [NS], [St]).
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For example,
R:{Gi—€j|i7éj€j}
in V is a locally finite root system of Aj_1, where J is any index set, {¢; | ¢ € J} is an orthonormal
basis of V¥ = @;c3Q¢; and V = Cjen{1}Qe1 —¢;) C V't and where 1 € J is a fixed element. Also,
R={ei—¢;j+ké|i#j€T, kel}
inV =V®Q)with VO = QJ is a locally affine root system of type A(jljl. In this paper, we
concentrate to determine the automorphism group of a locally affine root system of type Aglzl. As
a corollary, the automorphism group of an affine root system of type Agzl is well understood in a
certain general picture. The result, that is, the structure of the automorphism group of type Ailll,
was shown as a corollary of the conjugacy theorem of root bases (see e.g. [K, Prop.5.5, Cor.5.10]),

but we show this directly as a special case of type Ag.l_)l in an elementary way.

A locally extended affine root system is the set of anisotropic roots of a locally affine Lie algebra
with a fixed maximal ad-diagonalizable subalgebra (see [MY2]). Therefore, it is very important to
study those roots to establish the structure theorems as well as the classification theorems of the
corresponding Lie algebras. Especially, to determine the automorphism of our locally affine root
system of type Aglzl here is very useful to obtain the classification theorems in [MY3]. In this paper,
we will discuss this group as elementary as possible only using some set theoretical approaches. The
most difficult point is that the cardinality of J is infinite. We believe that the automorphism groups
of locally affine root systems for other types will be also important in future research.

Finally, we thank Professor Masaya Tomie for helpful suggestions.

1
2. AUTOMORPHISMS OF TYPE A(j)_1

Definition 2.1. Let J be any index set. We denote S5 the symmetric group of J, S(3 the subgroup
of Sy generated by the transpositions, Z” the (|3] times) direct product of Z, and Z) the direct
sum of Z. Also, for x = (m;)ies € Z7), we write tr(z) = > _icy Mi, and it is called the trace of z.

Theorem 2.2. Let R={¢; —¢; +ké | i # j €T, k € Z} be a locally affine root system of type

Ag.l_)l. Let ¢ be an automorphism of R. Then ¢(d) = &0, where £ = £1, and there exists some
permutation o € Sy such that ©(e; — €;) = 1(€x(i) — €5(;) + Mij6) for some my; € Z, where n = £1.
Moreover, we have

Aut R {£1y} x ((S3 x {£1},) x Z771) 2 Zy x ((Zs x S5) x Z771)

=~ {1y} x ((Sy x {£1}) x (Z7 /7)) = Zy x ((Z2 x S5) x (Z7 | Z0)),

where ¢ is the identity vector, i.e., all the coordinates of v are 1, and the Weyl group of R is
W(R) = Si x Z§,

where Z(()j) = {2 € ZO) | tr(x) = 0}. In particular, if |3| = n, then

Aut R= {x1y} x (S, X Z§) % I,) & Zo x ((Sy x Z§) x L),
where 2y = {x € Z" | tr(z) = 0} 2 Z"~! and 1, is the dihedral group of order 2n, and the Weyl
group of R is Sy, X Z.

Proof. First, we show that ¢(d) = +4. Since § is in the radical of the positive semi-definite form on
the vector space spanned by R over Q, we know that ¢(d) € Q. Let ¢(d) = €0 for £ € Q. Since
wle; —€; +0) = (e — €5 +mb) + 45 € R for some r # s € J and m € Z, we have £ € Z. Note
that ¢ # 0 since ¢ is one to one. So we have $¢(6) = 4. If [¢| > 1, then we have ¢(e; — ¢; + 30) =
(€, — €5 +md) + 6 € R. This is a contradiction since €; — €; + 36 ¢ R. Therefore, we get [¢| = 1,
and so ¢(0) = £4.

Let 1 € J be fixed. Let (€1 —¢;) = €, —€, +md and (€1 —¢€;) = €, — €, +nd for some z,y,s,t €T
and m,n € Z. Since (1 —€;) — (e1 —€;) = €; —€; € R, we have (€5 —€;) — (€ —€y) +(n—m)d € R.
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Hence s = x or t = y. Suppose that s = z, and so we have p(e1 — €;) = €; — €, + md and
(€1 — €j) = €, — € + nd. Note that if y = ¢, then ¢(e; — €;) = (n —m)d, which is a cotradiction.
Hence, y # t. If |J| > 4, then for any k € T\ {1,4,j}, by the same argument above, we have
(€1 — €r) = €5 — €, + £J or €, — €, + £0 for some z,u € J and ¢ € Z, comparing with p(e; —¢;) =
€x — €y +md, and p(e1 —€;) = €, — €, + £ or €, — ¢ + 5 for some v € J, comparing with
(€1 —€;) = €5 — € +nd. Thus, if p(e1 — €;) # €5 — €, + £, then €, — ey + €0 = €, — ¢, + 6. This
forces y = t, which is a contradiction. Hence, we have ¢(e1 — €;) = €, — €, + £6. Thus we can write
@(e1—€;) = €2 —€4(;) +m;d for some m; € Z, where o is a map from J\ {1} to I\ {z}. If (i) = o(j),
then ¢(¢; — €;) = (m; —m;)d, which is a contradiction. Hence o is injective. For any s € J\ {z},
there exist some p, ¢ € J and m € Z such that ¢(e, —e,+md) = €, —¢, since @ is surjective. If ¢ =1,
then (e, — €1 +md) = —€, + €5(p), Which forces z = s. But then ¢(e, — ¢, +md) = e, — €, = 0,
which is a contradiction. Thus we assume that ¢ # 1. Note that ¢, — €, = (€, — €1) + (€1 — €g),
and so if p # 1, then €, — ¢/ = @(ep — € +Md) = (€5(p) — €x) + (€2 = €a(q)) = €o(p) — €o(q)-
Hence, we have x = o(p), which contradicts the definition of o. Therefore, p has to be 1, and
then £ = o(g). Thus we have shown the surjectivity of o, and so o is a bijection from J\ {1} onto
I\ {z}. So, if we define (1) = z, then ¢ is a permutation on J. Then, for any ¢ # j € J, we have
ples —€5) = w(ei — €1) + (€1 — €5) = €5(5) — €4(;) + (Mmj —m;)d. Let us define
mp =0 and my =mj; —m,.
Then we can write
plei = €j) = €oli) = €o(j) + Mijd,

even though i =1 or j = 1. So my; =m; for all i € T\ {1}.

If t =y, then —p(e1 —€;) = €y — e, —md and —p(e1 —€;) = €, — €; — nd for & # s. Thus, by
the same argument above, we get —p(e1 — €;) = €, — €5(;) + m;6 for some m; € Z, where o is a
permutation on J with o(1) =y, and get —@(e; — €;) = €,33) — €4(;) + (M —my)d, ie.,

plei — €;) = —(€a(i) = €o(j) + Mij0)
for some o € Sy and all ¢ # j € J. Thus the first assertion is shown.
We have shown that, for ¢ € Aut R, there exists
(7]7 a, 67 (mz)iej\{l}) = (777 g, 57 (mli)iej\{l}) € ({i1}7 537 {i1}7 Zj_l)
such that

0— &5 .
On the other hand, we notice that a quadruple of these 7,0,& and (m;) determines an auto-
morphism of R conversely. Let ¢ = (1,0,&,(m1i),5.,,) and ¢ = (7',0',&,(mY,),5,) €
({£1},85,{£1},Z°~"). Then we have

. {61 — €k = N(€q(1) — €o(k) + M1k0)

€1 — e = 1 (€51(1) = €7 (k) + M0) = M1 (€567(1) = €oor (k) T+ Mor (1)o7 (k)0) + EN'M] 0
woth: 4 =1 (€ror(1) = €oor(r) + (Mor(1)or () + ENM)0)
61— &6 £L0,
and so
potp = (' 00", (Mo (1)or i) + ENMY)ien (13))- (1)
Thus through this composite, we have the group epimorphism ¥ from the group
({1}, x S5 x {£1}¢) x 2771
onto Aut R. If ¢ € ker V¥, then ¢(e1 — ) = n(€x1) — €or) + M1rd) = €1 — ¢ for all k and
©(6) = €5 = 6, which implies that n =1, 0 = 1, my = 0 and £ = 1. Therefore, we obtain that ker ¥
is trivial, which implies
Aut R = ({£1}, x Sy x {£1}¢) x 2771
In particular, we obtain the following four subgroups of Aut R:
{:l:]‘}ﬁ = {(:I:171d7170)}7
Sj = {(1,0’,170) | (S Sj},
{£1}e {(1,id,#+1,0)},
/A = {(1, id, 1, (mi)iej,ﬂ | m; € Z}
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Here, we determine the center Z of Aut R. Let ¢ = (n,0,&,(m;)ic5-1) be a central element of
Aut R. Then, we obtain:
© is central

& poy' =¢op Vo' = (1,0, &, (mf)ies—1)

& ' =n'n, o0’ =d'o, &' =& Mor(1),00() T EMMY; = M) Ly +E MM, Ve

& o0’ =00, mor1),er(i) T ENMMA = My Gy &M M, Ve

& o =id, Mei(1),0r) + Enmy; = my +En'mag, Ve

& o =id, 617 =1, Mo (1),07(i) = {’n'mm V(pl

& o=id, &n=1, my; =0

< ¢ =(1,id,1,0) or (—1,id, —1,0).
Let v =(1,1,—-1,0) for £ = =1 and 7w = (—1,1,1,0) for n = —1. Then

-1y =vr =(-1,id, —-1,0)
is the automorphism of the multiplication by —1, which is in the center Z of Aut R. Thus we get
Aut R 2 {1y} x ((Sy x {£1},) x Z771) 2 Zy x ((Sy x Zs) x Z771).
From now on, we want to determine W (R) and Out R. To do so, we need to have some identifi-
cation. To show another isomorphism, we identify Z7~! with Z”/Z. by the group isomorphisim
fi(xa,23,...) — (0,29,23...) + Ze = (0,29, 23 .. .).

Thus, for ¢ = (n,0,&, (M;) , We can write

7363\{1})
Y= (77’07§7Wiej) € ({il}n X Sj X {il}f) X (Zj/ZL)u

and in (1), we have (Mo (1)0 (i) + §MMY;)iea\ {1} = (Mor (i) — Mor(1) + MM )iea\ (13- Hence, we get

F((Mor(yor(iy +Emmiy)ieavpy) = (Mer(iy — Mor(1y +Enmy), oy = (Mgr(iy +Enmy),

since

(%i);eq = (vs + 1),y forany z € Z
and the coordinate of 1 € J in the last expression, i.e., mg/ (1) + Enm/, is equal to Mgr(1y (since
m} = 0 by definition). Therefore, we obtain

Aut R = ({£1}, x Sy x {+1}¢) x (27 /Z0),
and for ¢ = (,0,, (Mi);e5) and ¢ = (1,07, ', (m]),5), € Aut R,
@o ¢ = (7777/’ 00/7 56,7 (ma’(i) + f’lm;)lej) : (2)
Also, by the same reason above (using —1y = v), we get
Aut R = {1y} x ((Sy x {£1},) x (Z°)Zt)) 2 Zs x (S5 x Z2) x (Z7 /Z1)).
The Weyl group W (R) is generated by o¢, ;4,5 (since {e1 —¢; | 7 € J\ {1}} is a reflectable
basis of the locally finite root system Aj_1), and we observe that o, ¢, 1-5(d) = 0 and

Uelfej+r5(€1 - Ei) = O¢i—e¢; (61 - Gi) - 7“<61 — €, €1 — €j>5~

So we have
Oey—ej+ré = (17 (L.])a 1, (mi)iej) = (L (17.])7 1, f((mli)iej\{l}))’
where mi; = —2r and my; = —r for ¢ # j, and f is defined above. Thus,
fl(=ry.c.,—r,=2r,—r,..))=(0,—7r,...,—1,—2r,—71,...) = (r,0,...,0,—1,0,...),

where the last representative has the trivial trace. (We simply put the first coordinate to be the
coordinate of 1 € J for covenience.) Thus, the Weyl group W (R) of R is isomorphic to S5y x Z(()j)
since (Z(()j) + 7)) 2 = Zéj). Hence, we obtain

Out R = {#1v} x ((S5/8) x Za) x (2°/(Z + 20)) ).

Next we suppose |J| = n. Then we have S5 = S(3) = S, and Out R = Zy x (Z"/(Z§ + Z¢)). In
fact, we obtain:
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") (22 4 70) = C,, = (s) (a cyclic group)  via x4+ Z§ + Zi — s and (3)
Zy x Cp 2 1, = (s,t) (a dihedral group) via 0 : (1,x + Z8 + Zi) — s =1 (4)

where £(i, j) means 1 (resp. 0) if i = j (resp. i # j), and s and ¢ are generators satisfying s =2 = 1
and tst = s71. In fact, the map defined in (3) is clearly a well-defined epimorphism. To show one
to one, if tr(x) = nk for some k € Z, then

x=x+(0,...,0,—tr(x)) + (0,...,0,tr(x))
(0,...,0,tr(x))

— k) — (b kb1 )

=0 mod Z{ + Zu,

and hence one to one. The map 6 in (4) is clearly well-defined and surjective. That 6 is a homo-
morphism follows from

0((n.x)(n',x")) = 0((nm, x + nx’))
— gtretnx")ye(mm’,—1)
_ gt gtr(x)ge(n’,—1) i n=1
Str(x)S—tr(x')tte(—n',—l) _ Str(x)tstr(x’)te(n/,—l) if n= -1
= 0((n,%))0((n',x))

for (n,%), (7,X) € Zy x (Z"/(Z§ + Z1)). If O((n, %)) = sCI¢=(1=1) = 1 then tr(x) = nk for some
k € Z and n = 1. Thus X = 0 as above, and so 6 is an isomorphism.

Here we notice that the following exact sequence splits.
0— S, X Zy — (Sp x {£1},) x (Z")Zt) — I,, — 0
In fact, let ¢ : I, — (S, x {£1},) x (Z"/Z¢) by
s— 8= (l,v, l,m)
t—T = (f l,w,l,(_)),
where
=(1,2,...,n) and
(L,n)(2,n—=1)---(p—Lp+2)(p,p+1) ifn=2p or
(L,n)2,n—1)---(p—1,p+3)(p,p+2) ifn=2p+1

v
w
w

Then, we can find
S" =77 =(1,id,1,0) and TST=S5"",
which is confirmed by the following direct calculation.
Smo= 5720 (1,v,1,(0,...,0,0,1)) o (1,v,1,(0,...,0,1))
= S"20((1,2%1,(0,0,...,0,1,1))

= So((1,v"11,(0,1,...,1,1,1))
= ((1,id,1,0),

T = ((1,w?1,0)
= ((1,id,1,0),

TST = (—1,w,1,(_))o((1,1},1,(0,...,0,1))o(—l,w,l,(_)))
= (-Lw,1,0)0(—1,vw,1,(0,...,0,1))
= (1,wow,1,(0,1,...,1))
-1

»

Therefore, we see that Aut R = {£1y} x ((S, x Z§) x1,) = Zy x ((S, x Z) x 1,). Thus we have
shown all the statements. |
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Example 2.3. The following are concrete examples of so-called diagram automorphisms relative
to the Dynkin diagram of type AS) or Aél).
(1) Let ¢ be the automorphism of Afll) defined by () = 6 and
€1 — €3> €y — €3, €3 —€3+>€3— €4, €3—€>€—€5 and €4 — €5 €5 — €1+ 0.
Then, we have € — €3 — €3 — €4, €1 —€4+— €3 —€e5 and €7 — €5 — €3 — €1 + 0, and hence,
p=5=(1,v,1,(0,0,0,0,1)), where v = (1,2,3,4,5).
Let ¢’ be the automorphism of Afll) defined by ¢’(§) = ¢ and
€1 —€g <> €4 — €5, €9 —€3>€3— €4, and e5—e+Ir— €5 — €1+ 0.
Then, we have € — €3+ €3 — €5, €1 —€q4— €3 —€5 and € — €5 — €1 — €5, and hence,
o' =T =(-1,w,1,0), where w = (1,5)(2,4).
(2) Similarly, let ¢ be the automorphism of Aél) defined by p(§) = ¢ and
€ —€ir1 > €1 —€i1a (1=1,2,3,4) and e5—¢eg+— €6 — €1+ 0.
Then, we get
¢=S=(1u1,(0,0,0,0,0,1)), where v = (1,2,3,4,5,6).
Let ¢’ be the automorphism of Aél) defined by ¢’(§) = ¢ and
€1 — €y <> €5 —€g, €3 — €3> €4 —€5, €3 — €4 €3 —€4, and eg—e+0+— eg— €1+ 0.

Then, we have € — €3 — €4 — €5, €] — €4 — €3 — €g, €1 — €5 — €5 — € and €1 — €g — €1 — €g, and
hence,
¢ =T=(-1,w,1,0), where w = (1,6)(2,5)(3,4).
(3) In case of type Agl), we see T' = 1y and, so we need to say Iy = (S) = Zs.

(4) In the case when J = Z, which is a countable set, we let R be of type Aj_; or of type Aglzl.
Then, there are at least two typical outer automorphisms. That is, we have

V = ®iezy(13Q(e1 — &) = @iczQ(e; — €i41) CV =V & Q,
Y€1 — € € — €41,

/.
Y 1€ — €1 > € —€_j41 O € — €41 > €41 — €_4.

Then, the subgroup generated by ¢ and ¢’ is isomorphic to an infinite dihedral group Io..
(5) We suppose the same situation as in (4). Let us take and fix an integer p > 2. For 0 < i < p—1,

we define

vi = (...,i—3p,i—2p,i—p,i,i+p,i+2p,i+3p,...)

wi = (i—p,i+p)(i—2p,i+2p)(i—3pi+3p)---.
Then, the subgroup H of Aut R generated by v; and w; for all i =0,1,...,p — 1 is isomorphic to

IP, = I x -+ X Iog = (vg,W0) X+ -+ X (Up—1, Wp—1).
P

(6) Also in the same situation as in (4), it is true that every finite group G can be found in Aut R
and in Out R at the same time as subgroups.

(7) Let R be an affine root system of type Agl). We take ¢ = (1,id, 1, (1)), satisfying oy — a3 +9
and ¢ — 0§, and we take ¢’ = (1,(1,2),1,(—2)), satisfying a; — —aq — 26 and § — 6. Then, ¢
and ¢’ generate an infinite dihedral subgroup of Aut R. Furthermore, we take ¢” = (1,id, —1,0),
satisfying oy — a7 and § — —d. Then, ¢ and ¢" also generate an infinite dihedral subgroup of
Aut R.

Remark 2.4. (1) One can determine the automorphisms of a locally finite root sysytem of type
A5_1 by the same way as in the proof of Theorem 2.2. Namely, let ¢ be an automorphism of the
root system R = {¢; —¢; | 4 # j € J}. Then there exists some permutation ¢ € S3 such that
o(ei — €) = €5(5) — €o(j) for all i # j € T or such that e,(;) — €5(;) for all i # j € J. Hence,
Aut R = Sy x {£1}, and the Weyl group of R is S(3). These results are known in [LN].

(2) Let R be a locally affine root system in V as before. Put V = V/Q8, and w : V — V be

a canonical linear map. Then, R = w(R) is a locally finite root system in V. The map w induces
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a group homomorphism, again called w, of Aut R to Aut R. It is easily confirmed that this group
homomorphism w is surjective. Set Autg R = Kerw. Therefore, we obtain the exact sequence

1 — AutgR — Aut R — Aut R — 1.

We notice that this exact sequence is split.
(3) In the same situation as in Remark (1), we also obtain the following exact sequence:

1— Wy(R) — W(R) — W(R) — 1,
where Wy(R) = W(R) N Autg R. Therefore, we obtain the following diagram of exact sequences.

1 1 1
1 1 1

1o WoR) — W(R) — W(R) — 1
1 1 1

1 — AutgR — AuwtR — AutR — 1
1 1 !

1 - OutgR — OwtR — OuwR — 1
1 1 1
1 1 1

Here, Outg R = (Autg R)/Wy(R) = (Autg R) W(R)/W(R). Then, we have

W(R) = W(R) x Wo(R), AutR= (AutR)x (Autg R) and OutR = (OutR) x (Outg R).
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