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ABSTRACT. The octonion torus (or Cayley torus) appears as a coordinate algebra of
extended affine Lie algebras of type A2 and F4. A generalized version of the octonion
torus, called division Z™-graded alternative algebras, is classified in this paper. Using
the result, we can complete the classification of division (Ag, Z™)-graded Lie algebras,
up to central extensions, which are a generalization of the cores of extended affine Lie
algebras of type Aa.

INTRODUCTION

In this paper we classify division Z™-graded alternative algebras. It turns out
that they are strongly prime, and so one can apply Slater’s Theorem classifying
prime alternative algebras [14]. Namely, a strongly prime alternative algebra is either
associative or an octonion ring, i.e., its central closure is an octonion algebra. In [13]
division Z™-graded associative algebras were classified. Therefore, our purpose here
is to classify division Z"-graded octonion rings.

Let us present four such octonion rings @1, @s, O3 and Q4. Let F' be a field of
characteristic # 2 and K any field extension of F'. We define

0; = (K[t%ﬂ? cee ,tfl],,ul,,ug,,ug),

i.e., the octonion algebra over K [tlil, ... ,tF1] obtained by the Cayley-Dickson process

with the structure constants ui1, pus and us, for

[i =1]: 0% p1,pe2, us € K such that (K, puy, pa2, 3) is an octonion division algebra,
[i=2]: 0 # p1,pue € K and pg = t; such that (K, puq,ps2) is a quaternion division
algebra,
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[i=3]: 0# w1 € K, g = t; and ps = to such that (K, p) is a field,

[i =4]: p1 =t1, po =tz and p3 = t3.

Note that Q4 is the Cayley torus over K, which is a coordinate algebra of extended
affine Lie algebras of Ay and Fj (see [4] and [1]). Our main result is the following:

Theorem. A division Z"-graded octonion ring is isomorphic to exactly one of the
four octonion rings Q1, O, O3 and Q4.

As a corollary, we obtain the classification of alternative tori over any field, which
generalizes a result in [4]. Namely, an alternative torus is isomorphic to a quantum
torus Fy or the Cayley torus O, = (F[tlﬂ, ..., tEY ¢y to, t3). Moreover, with a result
in [13], a division Z"-graded alternative algebra is isomorphic to a division Z"-graded
associative algebra D, 4 (a natural generalization of a quantum torus Fy) or the
octonion rings O, Oy, O3 and OQ4, which completes the classification. Finally, one
can also classify division (Ag,Z™)-graded Lie algebras, a generalized concept of the
core of an extended affine Lie algebra of type A,, introduced in [13].

The organization of the paper is as follows. In §1 we review alternative algebras.
In §2 we summarize some basic properties of graded algebras. In §3 we review the
Cayley-Dickson process over a ring. In §4 quantum tori of degree 2 are classified.
In §5 we show that the four octonion rings O, Oy, QO3 and Q4 described above are
in fact non-isomorphic division Z™-graded alternative algebras, and prove that these
four exhaust the division Z™-graded alternative but not associative algebras. Finally,
the classification of division (Ay,Z")-graded Lie algebras is stated in §6.

This is part of my Ph.D thesis, written at the University of Ottawa. I would like to
thank my supervisor, Professor Erhard Neher, for his encouragement and suggestions.

§1 REVIEW OF ALTERNATIVE ALGEBRAS

Throughout let F' be a field and all algebras in this section are assumed to be
unital, and alternative, i.e., they satisfy the identities (z,z,y) = 0 = (z,y,y), where
the associator (x,y,z) = (xy)z — x(yz). It is easy to check the following identity
(z,y,x) = 0, called the flexible law. Thus we denote xyx := (zy)r = z(yx).

We recall some basic notions.

Definition 1.1. (1) Let A be an algebra and 0 # = € A. Then x is called a zero-
divisor if xy =0 or yxr =0 for some 0 Ay € A .
(2) A is called

(i) a domain if there is no zero-divisor in A,
(ii) nondegenerate if z Ax = 0 implies z = 0 for all x € A where x Az = {zazx | a €
A},
(iii) prime if IK = (0) implies I = (0) or K = (0) for all ideals I, K of A where
IK={},, zylz€l, yeK},
(iv) strongly prime if A is nondegenerate and prime.
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The nondegeneracy and primeness generalize the notion of a domain. Namely,
Lemma 1.2. A domain is strongly prime.
Proof. Straightforward. [
For an algebra A, the centre Z(A) of A is defined as
Z(A)={2€ A| [z,2] = (z,2,y) =0 for all x,y € A},

where the commutator [x,y] = zy — yx. The centre is always a commutative associa-
tive subalgebra, and any algebra can be considered as an algebra over the centre.

Definition 1.3. For an algebra A with the property that the centre Z = Z(A) is an
integral domain (e.g. a prime algebra), we define A over Z as A = Z ®z A where Z
is the field of fractions of Z, and call A the central closure of A.

§2 DIVISION G-GRADED ALTERNATIVE ALGEBRAS

Throughout this section let G be a group, and algebras are assumed to be unital and
alternative over a field F'. An algebra A = ®4cq Ay is called G-graded if AyAy C Agy,
for all g,h € G. We will refer to A, as a homogeneous space and an element of A,
as a homogeneous element of degree g. A graded algebra is called strongly graded if
ApA, = Apg for all h,g € G and division graded if any nonzero element of every
homogeneous space is invertible.

For a G-graded algebra A = @©yecq Ay, we note that A = Oge(supp 4) Ag, Where
supp A :={g € G| A; # (0)} and (supp A) is the subgroup of G generated by supp A.
From now on,

we always assume that (supp A) = G.

Thus, if A is division graded, then this assumption is equivalent to saying that
supp A = G, or every homogeneous space is nonzero.
The following is straightforward to check.

Lemma 2.1. If G is a totally ordered group, then a division G-graded algebra is a
domain.

In general, a subalgebra H of a graded algebra A = ©,cq Ay is called homogeneous
it H=@4ec (HNA,). If G is abelian, the centre Z is homogeneous. Moreover, if A
is division graded, then I' := {g € G | ZN A, # (0)} is a subgroup of G and Z is a
division I'-graded commutative associative algebra. We call this I' the central grading
group of A.

Lemma 2.2. Let Z = @©yeq Z4 be a division G-graded commutative associative
algebra over F'. Let D be a division algebra over the field K := Z. (e is the identity
element of G). Then Z @k D = @g4eq (44K D) is a division G-graded algebra over
K.

Proof. Straightforward. [

A division G-graded algebra is a graded Z-module of type GG, and so one can show
the following (see Theorem 3 and Corollary 2, p.29-30 in [2]):
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Lemma 2.3. Let A = ©yecq Ay be a division G-graded algebra over F' for an abelian
group G. Let Z be the centre of A and ' the central grading group of A, and so
Z = @®per Zp for Zn = Z N Ay. Let K := Z, which is a field. Then:

(i) Apg =24, = ZpA, for allh €T, g€ G and any 0 # z € Zy,.

(ii) For g € G/T, we have ZA, = ©yecq Ay and in particular, if g = g', then
ZA; =ZA,.

(iii) Let Ag:=ZA,. Then A= @geq/r Ay, and A is a G/I'-graded algebra.

(iv) For g € G, Ag is a free Z-module, and any K-basis of the K -vector space A,
becomes a Z-basis of Ag, and so ranky Az = dimg Ay for allg € G/T and ¢’ € 3.

Let G be a totally ordered abelian group. Then a division G-graded algebra
is prime by 2.1, and so the central closure A makes sense (see 1.3). Also, we identify
A with a subalgebra of A via a — 1 ® a. Thus we have a similar lemma.

Lemma 2.4. In the notation of 2.3, let A = Z ®5 A be the central closure and
A =7 ®z Ag forg € G/T. Then:

(i) A= ®geq/r Az, and A is a G/T-graded algebra.

(ii) Any K-basis of A, becomes a Z-basis of Az, and hence dim Az = dimy Ay
for allg € G/T and g’ € g. Also, there exists a Z-basis of A which is a Z-basis of A.

We now define a special type of G-graded algebras for any group G.

Definition 2.5. A division G-graded algebra T' = ©,cq¢ T, is called an alternative
G-torus over F' if dimp T, = 1 for all g € G. Moreover, if T' is associative, it is called
an associative G-torus.

Strongly-graded does not imply division-graded (see [8], Exercise 3, p.18). How-
ever, we have:

Lemma 2.6. A G-graded algebra T = ©g4cc Ty is an alternative G-torus if and only
if T' is strongly graded and dimp T, =1 for all g € G.

Proof. We only need to show the if part. Let 0 # x € T,. Then we have F'1 =T, =
TyTy—+ = FaT,-1. So there exists a nonzero element u € T,-1 such that zu = 1.
Since ux € T, = F1, we have ux = cl for some ¢ € F'. Then, by the flexible law,
we get ¢ = (zu)r = x(ux) = cx. Hence ¢ = 1, i.e.,, zu = ux = 1. Therefore = is
invertible. [

By 2.4, the central closure of an alternative G-torus is an alternative G/I'-torus
for I' the central grading group if G is a totally ordered abelian group.

Definition 2.7. An alternative (resp. associative) Z"-torus is called an alternative
(resp. associative) n-torus over F' or simply an alternative (resp. associative) torus
when this abbreviation does not create confusion.

We recall quantum tori (see for example [7] or [3]). An n x n matrix g = (¢;;) over
F such that ¢; = 1 and ¢j; = qi_j1 is called a quantum matriz. The quantum torus

Fq=Fy [t51, ..., 5] determined by a quantum matrix q is defined as the associative
4



algebra over F' with 2n generators tfl, ..., tF1 and relations titi_l = ti_lti =1 and
t;t; = qijtit; for all 1 < 4,5 < n. Note that Fy is commutative if and only if g = 1
where 1 is the matrix whose entries are all 1. In this case, the quantum torus Fj
becomes the algebra of Laurent polynomials F [tfl, ...,tF1]. One can give a Z"-
grading of the quantum torus Fy = Fy [tlil, . ,tﬁfl] in an obvious way: For any basis

{o1,...,0,} of Z", we define the degree of
to (=171 tom fora =101+ -+ a0, €Z" as a.

Then Fq = @qezn Fta becomes a Z"-graded algebra, and it is an associative torus.
We call this grading the toral Z™-grading of Fgq determined by (o1,...,0,). Some-
times it is referred to as a (oy,... ,0,)-grading. We always assume some toral Z"-
grading of Fy;. Conversely, any associative torus is graded isomorphic to some Fy
with some toral grading (see Lemma 1.8 in [4]).

By Artin’s Theorem, the subalgebra of an algebra generated by two elements is
associative ([14], p.36). Hence an alternative 1-torus is isomorphic to F[t,t™}].

§3 CAYLEY-DICKSON PROCESS OVER A RING

We review the Cayley-Dickson process over a ring ([6], p.103). In this section,
our algebras are arbitrary non-associative unital algebras, not necessarily alternative,
over a ring of scalars ® (a commutative associative unital ring). Moreover, for an
algebra B over ®, we assume that B is faithful, i.e., for all « € &, aB =0 = a = 0.
Since B has a unit, B is faithful if and only if, for all @ € ®, a1l =0 = a = 0. Let
x be a scalar involution over ®, i.e., an anti-automorphism of period 2 with bb* € ®1
(hence by linearization, b + b* € ®1) for all b € B, and let u € ® be a cancellable
scalar, i.e., ub = 0 for some b € B => b = 0. Then one can construct a new algebra
B & B with its product (a,b)(c,d) = (ac + pdb*,a*d + cb) for a,b,c,d € B. Letting
v = (0,1) we can write this algebra as B @ vB,

(3.1) (a4 vb)(c+ vd) = (ac+ pdb*) + v(a™d + cb).

We say that this new algebra B @ vB is obtained from B = (B,*) by the Cayley-
Dickson process with structure constant p, and denote it by (B, u). We define a new
map * on C := (B, u) by

(3.2) (a +vb)" =a" — vb.

This new * is also a scalar involution of C. Hence, for a cancellable scalar v, one can
obtain another new algebra (C,v) from C' = (C,x) by the Cayley-Dickson process
with structure constant v. We write this (C,v) as (B, u,v) instead of ((B, u),v)).

Remark 3.3. (1) Since p is cancellable, we have vb =0 = b = 0.
(2) If p is invertible, then u is cancellable, and v = (0, 1) is invertible in the sense
that there exists an element v € C' such that uv = vu = 1.

We will use the following lemma from [6], Theorem 6.8, p.105:
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Lemma 3.5. For the algebra (B, i), we have
(1) (B, p) is commutative <= B is commutative with trivial involution.
(ii) (B, p) is associative <= B is commutative and associative.
(iii) (B, p) is alternative <= B is associative.

When @ is a field of characteristic # 2 and we start the Cayley-Dickson process
from ® = (®,id) where id is the trivial scalar involution, i.e., the identity map, we
call @, (®, 1), (@, 1, p2) and (@, pu1, po, 13), where g, po and pz are any nonzero
elements in ®, composition algebras over ®. When @ is a field of characteristic = 2, we
define a separable quadratic algebra @, for p € ® by ®,, := ®[X]/(X?*—X —p). Then,
®,, has a scalar involution * over ®. Note that (®, 1) does not have a scalar involution.
For convenience, we denote (®,u) for ®,, and call ®,, = (®, 1), (P, p1, u2) and
(P, p1, p2, p13), where g, po, us € ® and ps, us # 0, composition algebras (see [10]).
Also, (®, p1, o) is called a quaternion algebra and (®, p1, p2, 13) an octonion algebra.

For an algebra B = (B,x) with scalar involution * and = € B, we define the
norm n(a) of a as the unique scalar aa* = n(a)l. Also, for a,b € B, we define
n(a,b) := n(a + b) — n(a) — n(b) and so n(a,b)l = ab* + ba*. Note that n(:,-) is
a symmetric bilinear form on B. In the same way, we have the norm n and the
symmetric bilinear form n(-,-) on the algebra (B, u) obtained by the Cayley-Dickson
process. For C' = (B,u) = B&vB and a,b € B, we have n(a,vb) = a(vb)* + (vb)a* =
—a(vb) + (vb)a* = —v(a*b) + v(a*b) = 0, and so

(3.6) n(B,vB) =0 or equivalently vB C B*,

where B~ is the orthogonal submodule relative to n(-, -).
We recall that an algebra B, in general, has degree 2 if there exist a linear form tr
called trace and a quadratic form n called norm such that for all a € B

a® —tr(a)a+n(a)l =0, tr(l)=2, n(l)=1.

In particular, if ® is a field, then the trace tr and norm n are unique ([6], p.90). If
an algebra B over ® has a scalar involution *, then one can easily check that B has
degree 2, that a + a* = tr(a)l for a € B and that the two norms from * and the
degree 2-algebra coincide. In particular, if ® is a field, then a scalar involution is
unique. We state this as a lemma:

Lemma 3.7. Let B be an algebra with scalar involution x over a field. Then, B has
degree 2, and x is the only scalar involution. We have a* = tr(a)l — a for all a € B,
where tr is the trace of the degree 2-algebra B.

We will use the following known lemma later (see [14], p.32).

Lemma 3.8. Let C = (C, %) be a division composition algebra over a field ®. Let B
be a subalgebra of C' such that dimg B = % dimg C. Then, B is a division composition
algebra with scalar involution x = x |g over ® and C = (B, u) for some 0 # u € D,
except when ch.® = 2 and dimg C' = 2.



§4 QUANTUM TORI OF DEGREE 2

We will classify quantum tori (=associative tori) of degree 2 in 4.3. First we
show some properties for a certain G-graded alternative algebra which has a scalar
involution. Essentially they are shown in [4], Lemma 1.24 for the case of alternative
tori, but for the convenience of the reader, we show this.

Lemma 4.1. Let A = deG Ay be a G-graded alternative algebra over a field L
which has a scalar involution x. Assume that the nonzero homogeneous elements are
not nilpotents. Then we have the following:

(i) For any x € Ay, g # e, we have tr(z) = 0, 2* = —n(z)1, z
graded, i.e., Ay = Ay for all g € G.

(ii) The exponent of G is 2 or G is trivial, i.e., G = {e}.

In particular, if G = Z"/T" for some subgroup T' of Z", there exists a basis
{e1,... ,en} of Z" and m > 0 such that

*= —x and * is

I'=2%ey + -+ 2%ep, + Zems1 + - - + Zey,.

(iii) All homogeneous spaces are orthogonal to each other relative to the norm.

Proof. For (i) and (ii), let 0 # z € A,;. Then 2? # 0 by our assumption. Since A
has degree 2, we have 22 + n(z)l = tr(z)z € A,. If tr(z) # 0, then g* = g since
2?2 # 0. Hence g = e, which contradicts our assumption. So we get tr(xz) = 0.
Then 2> = —n(x)1l. Moreover, 0 # 22 € Aj2 N L1 C Ay N A, and hence g = e.
The second statement of (ii) follows from Fundamental Theorem of finitely generated
abelian groups. By 3.7, we get z* = tr(z)l —x = —z. For y € A., we have
y* =tr(y)l —y € A., and so x* is graded.

For (iii), let y € A}, where g # h € G. Then we have zy* € Ay, since * is graded.
If gh = e, then g = h since the exponent of G is 2. Thus gh # e and by (i), one gets
tr(xy*) = 0. Hence, n(x,y)l = zy* + yz* = tr(zy*) =0. O

Example 4.2. Let ch. F' # 2 and let Fp, = Fh[tfl, ..., tF1] be the quantum torus
determined by h = (h;;) where the hijs = ho; = —1 and the other entries are all 1,
and Z the centre of Fp. One finds that Z = F[tid, t;tQ, t3i1, ..., t*1], the algebra of
Laurent polynomials in the variables t3,t3,t3,... ,t,. So for a (o1, ... , 0, )-grading
of Fp, the central grading group of Fy, is 2Zo1 + 2Z05 + Zos + - - - + Zo,,, and the
central closure F, is a (Zo X Z3)-torus over 7, where Zo =7 /27.. Thus the dimension
of Fy, over Z is 4. Since F'p, has no zero divisors by 2.1 and is finite dimensional, it is
a division algebra. Hence F}, is a quaternion division algebra and has degree 2 over
7. Clearly, Fp, = (Z,t3,t3) generated by t1, to, and * : t; + —ty, t5 — —t5 defines a
scalar involution of Fy,. Since (Fp)* = Fy, and Fy, N Z = Z, the restricted involution
* 1= *|p,, is scalar over Z. Thus F}, has degree 2 over Z and (Fy,*) = (Z,t3,t3) is a
quaternion algebra over Z. We call this F}, a quaternion torus.
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Proposition 4.3. Let T' be a noncommutative associative torus over F and I' the
central grading group of T'. Then the following are equivalent:

(i) ch. F' # 2 and T is graded isomorphic to the quaternion torus for some toral
grading,
(ii) T has degree 2 over Z,
(iii) T has degree 2 over Z,
(iv) I' =2Z0o1 + 2Z0o9 + Zos + - - - + Lo, for some toral {o1,... ,0,}-grading,
(v) T has a scalar involution over Z,
(vi) T has a scalar involution over Z.

Proof. We already showed (i) = (ii) in 4.2. (ii) = (iii) is true in general. For (iii) =
(iv), we have dim% T = 2™ by 4.1(ii). But T is a finite dimensional central associative
division algebra over Z, and so m = 2. (iv) = (i) can be shown in the same way as
Proposition 6.12 in [12] (noncommutativity of T forces ch. F' # 2). Thus we get (i)
& (i) < (iii) < (iv).

We already showed (i) = (v) in 4.2. (v) = (vi) is true in general. Since (vi) =
(iii), we obtain (i) < (v) & (vi). O

§5 DIVISION Z"-GRADED ALTERNATIVE ALGEBRAS

In this section all algebras are unital over a field . An alternative algebra A is
called an octonion ring if the central closure A is an octonion algebra over the field
Z ([14], p.193). We first state Slater’s Theorem ([14], Theorem 9, p.194]):

Theorem 5.1. A strongly prime alternative algebra over F' is either an associative
algebra or an octonion ring.

Thus:

Theorem 5.2. A division G-graded alternative algebra A over F for a totally ordered
group G is either a division G-graded associative domain or an octonion ring which
embeds into an octonion division algebra over Z.

Proof. By 2.1, Ais a domain. Hence by 5.1, it is either a division G-graded associative
domain or an octonion ring. Finally, A is a domain, and hence A is a division algebra
(see [14], Lemma 9, p.43). O

Now, we specify G = Z", and classify division Z"-graded alternative algebras.
Since Z" is a totally ordered abelian group, we can apply 5.2. We classify division
Z™-graded alternative algebras over F' which are not associative. By 5.2, any such
algebra is an octonion ring which embeds into an octonion division algebra. We first
construct four examples of such octonion rings. For this purpose, we prove a lemma
and its corollary.

Lemma 5.3. Let {e1,...,e,} be a basis of a free abelian group A of rank n and

I, = ZEl + "'+Z€i—1 +QZ€7;+Z€7;+1 + +Z€n
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Let A = ®aer, Aa be a division I';-graded associative algebra over a field K and R
a subalgebra contained in the centre of A. Suppose

(i) A has a scalar involution x over R which is graded: A% = Aq for all a € Ty,

(ii) there exists z € Age, N R such that z is invertible in R.

Then the algebra (A, z) obtained by the Cayley-Dickson process over R has a unique
A-grading such that every homogeneous space of degree o € T'; in (A, z) is equal to
Aq and v = (0,1) € (A, 2) has degree ;. Moreover, by the A-grading, (A, z) becomes
a division A-graded alternative algebra over K and the scalar involution * of (A, z)
s again graded.

Proof. We have

(Az)=A0vA= (P Aa)@v(P Aa).

acl’; acl;

We first claim v(@ger, Aa) = @acr, VAa. We have v(Bacr, Aa) = Zael"i vAg
and so we only need to show the sum in the right-hand side is direct. By 3.3(1),

Yoacr, VTa = V(D ger, Ta) =0 for 14 € Ag implies Y o = 0. So we get
ro = 0 for all & € I'; and our claim is settled. For a € A, define

" ::{Aa, if a €T

VAq_e,;, otherwise.

Then we get

(4,2) = (P 4a) @ (P vda) = P AL,

acl’; acl; acEN

the direct sum of F-vector spaces. By the multiplication of (A4, z), we have

AaAﬁ :Aa+5 :A;+ﬂ, ifa,B el

Aa('UA,B—ei) C U(A:;A,B—ei) = UAa—i—,B—ei = A::H-,B’ ifa e FZ,,B ¢ I;
(UA,B)Aafsi C ’U(A[;Aa,,__-i) = UA,BJrcxfei = A:x—i-,B’ if av ¢ I,,Bel;
(VAa—e,)(VAg_e,) C2A5  Aa—e; =AY ifag¢l;,B¢T;

AL Al =

since x is graded and z € Aye,. Hence (A, z) = @acn AL, is a A-graded algebra over
F. Since {&1,...,&,} is a basis of A, the uniqueness of A-grading is clear. Also
by 3.5, (A, z) is an alternative algebra. Moreover, we know that 0 # =z € A, is
invertible. Since z is invertible, v is invertible in the alternative algebra (A, z) (see
Remark 3.3(2)). Hence, vz is invertible (see [14], Lemma 9, p.205). Consequently,
(A, z) is a division A-graded alternative algebra over F'. Finally, by (3.2), it is clear
that * on (A, z) is graded. O



Corollary 5.4. Let {e1,...,e,} be a basis of Z™ and
L™ .= 27Zey + -+ 2Zem + Zepmsr + - + Zen  form =1,2,3.

Let A= ®ycrim) Aa be a division (™) _graded associative algebra over a field K and
R a subalgebra contained in the centre of A. Suppose

(i) A has a scalar involution x over R which is graded,

(i) there exist z; € Age, N R for all 1 < i < m such that each z; is invertible in R,

(iii) A is commutative if m = 2, and A is commutative and * is trivial if m = 3.

Then the algebra (A, z1,...,2zm) obtained by the Cayley-Dickson process over R
has a unique Z™-grading such that every homogeneous space of degree oo € T'™) in
(A, 21,...,2m) 1S equal to Ag and each v; = (0,1) € ((A,zl, . ,zi_l),zi) has degree
g;. Also by the Z™-grading, (A, z1,...,2m) becomes a division Z™-graded alternative
algebra over K

Moreover, assume that

(iv) A is not commutative if m = 1, x is not trivial if m = 2 and ch. K # 2 if
m = 3.

Then (A, 21, ..., 2m) 1S not associative.

Proof. For m = 1, we take A = Z" in 5.3, and so ' =T';. Then we take z = 2
in 5.3 and get the required division Z"-graded alternative algebra (A, z;) over K.
Moreover, (iv) and 3.5 implies that (A, z1) is not associative.

To show the cases m = 2 and m = 3, we define the following: for j = 1,2, let

Fgm) =7€&1+ -+ ZLe; +20€541 + -+ 20Ey, + LEmy1 + - -+ Ley,.

For m = 2, we take A = 1“§2), I; =I'® and z = 2 in 5.3. Then, by (iii), we
get the division I‘gZ)—graded associative algebra (A, z;) which has the graded scalar
involution * over R. Note that R is contained in the centre of (A, z;) and that
29 € Age, N R = (A, 21)2e, N R is invertible in R. Thus one can apply 5.3 again for
AN=7"T; = FgQ) and z = zo, and get the required division Z"-graded alternative
algebra (A, z1, z2) over K. Moreover, (iv) implies that (A, z1) is not commutative and
that (A, z1, z9) is not associative.

For m = 3, by the same way as the case m = 2, one can apply 5.3 three times.
Namely,

1. take A = rf”, I'; =I'®) and 2z = z; and get the division ng)—graded commuta-
tive associative algebra (A, z1),

2. take A = I‘gS), I = I’ES) and z = 29 and get the division I‘;g)—graded associative
algebra (A, z1, 22),

3. take A = 272", T; = I‘g’) and z = z3 and get the required division Z™-graded
alternative algebra (A, z1, 22, 23) over K.

Moreover, (iv) implies that (A, z1) has the non-trivial graded scalar involution,
that (A, z1, 22) is not commutative and that (A, 21, 22, 2z3) is not associative. [J

We are now ready to construct four octonion rings.
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Construction 5.5. Let K be a field extension of F' and let {e1,...,&,} be a basis
of Z".
(1) Let O be an octonion division algebra over K and

K[z, ... 28 = EB Kzq

the algebra of Laurent polynomials over K where zo = 27" --- 20" for a = a1 +
st g, € Z". Then, by 2.2,

@1 :@@KK[ZEEI, ,27:,1:1]: @ (@®KKZQ)

leI<YAL

is a division Z"-graded alternative algebra over K, and hence over F. It is clearly
alternative but not associative.
(2) Let H be a quaternion division algebra over K with scalar involution *. Let

M. =27, + Zey+ -+ + Ze,,

+1 +1
R:=Klz7,...,2, | = @ Kzq
acr'()

where zo = 27" -+ 20 for oo = 20161 + o€ + - + ey € r, Then, by 2.2,

Hy:=HexR= P Hex Kza)
acl(1)

is a division I'M-graded associative algebra over F and it is clearly associative but
not commutative. One can check that H; has the scalar involution * over R defined
by (x® z)* =2* ®z for x € H, z € R, and so * is clearly graded on H;. Let Z(Hj;)
be the centre of H;. Then, R C Z(H;) (in fact they are equal), z; € R has degree
2e; in H; and z; is invertible in R. Thus we can apply 5.4. Namely, the algebra

Oy := (Hy, 21)

obtained by the Cayley-Dickson process over R is a division Z™-graded alternative
algebra over K, which is not associative. For x € H and a = aye1+- - -+ ane, € 27,
we put in Oy = (Hj, 21)

" ._{ (T ® 2o, 0) if g =0 mod 2
T (0,2 ® 2a—¢,) ifar =1 mod 2.

Note that t., = (0,1) and tgl = z1. One can write Oy = @gezn Hig.
11



(3) Assume that n > 2. Let E be a separable quadratic field extension of K. Hence
the nontrivial Galois automorphism over K is a scalar involution denoted by *. Let

I'® ;= 2Ze, + 2Zes + Zes + -+ + Ze,,
R:=K[F',... 2T = @ Kzq

where zo = 27" -+ 20" for o = 2161 + 20065 + a3ez + - - + e, € I'®. Then,

Ei=EoxR= P ([EoxKza)
ael—‘@)

is a division I'®-graded commutative associative algebra over K, and it has the
graded scalar involution * over R by the same argument used in (2). We have R C
Z(E;) = Eq, Also, z; and 2z, satisfy the condition in 5.4. Thus we get a division
Z"-graded alternative algebra

O3 := (Eq, 21, 22)

over K, which is not associative. For z € E and a = a1&1 + aseo + - - - + e, € Z7,
we put in Q3 = (Eq, 21, 22),

((2a,0),(0,0)) if a1 = a3 =0 mod 2

0, Za—e, ), (0,0)) if ey =1 and as =0 mod 2

0,0), (za— 62,0)) ifay =0and as =1 mod 2

0,0), (0, 2a-e,—e,)) ifar=1and ap =1 mod 2.

(

) (
toy 1= (
(¢

Note that te, = ((0,1),(0,0)), te, = ((0,0),(1,0)), t2, = z; and 2, = z2. One can
write @3 = @OLEZ'”‘ Eta
(4) Assume that n > 3 and that ch. F' # 2. We can apply 5.4 for

['®) . = 92Zey + 2Zesy + 2Zes + Zey + - - - + Ze,,
A=R:=K[ . .. 25 = @ Kzq

OLGF(S)

where zo = 21" -+ 20" for o = 2181 + 20283 + 2033 + uEL + - + ApE, € ré,
In fact, A has the trivial scalar involution, i.e., the identity map, and z1, 29, 23 satisfy
the condition in 5.4. Thus we get a division Z"-graded alternative algebra

04 = (R, 21, 22, 23)

over K, which is not associative. It is clear that every homogeneous space is 1-
dimensional over K, and so Q4 is an alternative torus over K. It is called the octonion
12



torus or the Cayley torus over K. This torus was first discovered in [4]. We present
a slightly different description of the octonion torus. Consider the algebra

(K[zfﬂ, .. Zil],21,22),

’r n

which is associative (so a quantum torus over K). One can easily check that this

algebra is graded isomorphic to a quaternion torus K3 = Kp, [ufl, ..., ur1] as defined
in 4.2, via
((071)7(()’ O)) < Ui, ((O7O)a<170)> U2, 237 U3, ..., Znp 7 Un-

We identify them. So the octonion torus over K is
O4 = (Kn,u3)
and the Z™-grading comes from the following G-grading of Kp, (see 5.3):

G =Ze| + Zeo + 27es + Zey + -+ - + ZLe,,,
Kn=@P Kua
aceG
where uq = uitug?us® - - -udn for a = a1€1 + aper +2a3e3 + oues + - - + o€y, For
o =a1e] + -+ aye, € Z", we put in Oy = (Kp, u3)

. (Ue, 0), if a3 =0 mod 2
> (0, q—e5), if ag =1 mod 2.

Then we have Oy = Gqezn Kto as K-spaces. Note that to, = (0,1) and t§3 = ug.
Note that the centre of Qy is

K[uitzau5t27u§tlv"' ,uil] :K[Zitl, 727:7!:1],

n

Also, the structure constants of Q4 relative to {tq }aczn are 1 or —1.

All the gradings of O1, O3, O3 and Q4 determined by a basis (e1, ... ,&,) of Z"
described in 5.5 are called toral gradings.
Notice that @7, H; and E; in 5.5 are also the algebras obtained by the Cayley-

Dickson process over K [zfcl, . ,z;fl]. More generally, we have the following:

Lemma 5.6. Let R be a commutative associative algebra over a field K and py, ... ,pu €
K. Then,
(K7 Hiy - 7/”) ®x R = (Rhulv s 7/”) as R—algebms.

Proof. Straightforward. [

Now we prove our main result:
13



Theorem 5.7. A division Z"-graded alternative algebra A = ®qezn Ao over F
which is not associative is graded isomorphic over K = Zgy to one of the four octonion
rings Q1, Oz, O3 and Q4 for some toral gradings. In other words, when ch. F # 2,

A is isomorphic over K to (K[zlﬂ, ooy 254 e, o, p3) where

(1) 0 # p1,po,pus € K such that (K, p1, pa, t3) is an octonion division algebra
over K,

(2) 0 # p1,p2 € K and ps = z1 such that (K, 1, p2) is a quaternion division
algebra over K,

(3) 0 # p1 € K, pg = 21 and ps = z9 such that (K,u1) is a quadratic field
extension of K or

(4) p1 =21, po = 22 and p3 = 23,

and (1), (2) or (3) when ch. F =2,
Also, these four algebras are all non-isomorphic.

Proof. We already know that A is an octonion ring whose central closure A is an
octonion division algebra over Z. By 2.4, A is a Z"/T-graded alternative algebra,
where I' = {a € Z" | Zoo = Z N Ay # 0} is the central grading group of A, i.e.,

A= @ As where Ag = Z ®4 Ag and Ag = ZA,,.

Since A is a division algebra, it is, in particular, a division Z"/I-graded algebra of
dimension 8. Hence every homogeneous space has the same dimension. Also, since the
octonion algebra A has a scalar involution, Z" /T is either (0) or an elementary group
of exponent 2, by 4.1. Therefore, we have four cases; there exists a basis {e1,... ,&,}
of Z™ such that for m = 0,1, 2, 3,

I'=27%e1+ - - +2Zep, + Zepms1 + - + Zey,.

Let
0#t, € A;, for1<i<m.

By 2.3(iii), we have A = ®gczn/r A and hence
A= (ZAo,ti)1<i<m
as a Z-algebra. Also by 4.1(iii), we have
n(t;, ZAg) = 0.

Moreover, by 4.1(ii), t? € Z1, and so t? € Z1N Age, = Z(A) N Age, = Zae,. Choose
0# z; € Z¢; for m < j <n and put z := t?. Since Z is a commutative associative
I'-torus over K, one can write

Z=Klz',... 55" =P Kza
acl
14



where zq = 27" -+ 20 for @ = 2161 + -+ 20 + At 1€mt1 + -+ e, €T

Case (I): m =0, ie, ' =7Z".
By 2.4(ii), we have dimg Ap = dimz Ag = dimz A = 8. Since A is an alternative
division algebra over K, it is strongly prime, in particular. Since A is not associative,
neither is Ag. Hence, Ag is an octonion algebra over its centre, by Slater’s Theorem
(5.1). However, since dimg Ag = 8, Ag is already central over K and it is an octonion
division algebra over K. By 2.3, we can identify (and always do below)

ZAg = Ao Rk Z.
Hence we get A = ZAg = Ao Qxk K[zfﬂ, ..., 2] = 0y in Construction 5.5(1).

For the next two cases, we prove a lemma. Recall that A is a subalgebra of A over
Z, by identifying r = 1® x € A for x € A.

Lemma 5.8. Let x be the scalar involution of the octonion division Z-algebra A.
Suppose that the K-algebra Ao has a scalar involution ~. Then, o 1= * |z, 1S a
scalar involution of Z-algebra Z Ao, and for z; € Z, x; € Ao, we have o (), zz;) =

Proof. By 2.4(ii), one can easily check that
Ag=7Z Rz Ag = 7Z @K Ao

over Z via y® T yQufory € Z and x € Ag. By 5.3, we can naturally extend ~ to
the subalgebra Ag of A over Z. Namely, we can define y ® = := y ® ¥, which is still
a scalar involution over Z. But Ag has another scalar involution, that is, * := * |Za'

So we get ~ = * on Ag since a scalar involution over a field is unique by 3.7. Finally,
one can check that o is a scalar involution of ZAg over Z. 0O

We denote this o also by x*.

Case (II): m =1, i.e.,, ' = 2Ze; + Zea + - - - + Ze,.
Since every homogeneous space has the same dimension, we have dim Zﬁ = 4. Then,
by 3.8, Zﬁ = (Zﬁ, %) is a quaternion division algebra over Z with the restricted scalar
involution * and A = (Ag, 1) for some structure constant 0 # p € Z. Also by 2.4(ii),
Ap is a 4-dimensional associative non-commutative division algebra over K. Hence it
has to be central and has degree 2. It is well-known that a central simple associative
algebra of degree 2 over a field is a quaternion algebra (see e.g. [9]). Hence, Ag has a
scalar involution over K, and by 5.8, ZAo has the scalar involution % = % |z 4, over
Z.

We show the following;:
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Lemma 5.9. Let B = (B, x) be an associative composition algebra over a field L.
Let C = (B, u) for 0 # p € L and R a subring of L. Suppose:

(i) There exists t € C' such that n(t, B) =0, where n is the norm on C.

(ii) 0 # t? € R1 = R (we identify L1 with L).

(iii) P is a subalgebra of B over R such that the restriction of x to P is a scalar
involution over R.

Then the algebra generated by P and t over R is equal to the algebra obtained by
the Cayley-Dickson process with structure constant t> over R:

(P,t) = (P,t*) andt=(0,1) in (P,t%).

Moreover, the restriction of the scalar involution x of C to (P,t?) is a scalar involution
over R.

Proof. Since B is a composition algebra, the norm n(-,-) on C is nondegenerate
and the dimension of C over L is finite. From a well-known theorem in Linear
Algebra, we have dim B + dim B+ = dimC. By (3.6), we have vB C B't. Since
dim B+dimvB = dim C, we get vB = B+. Thus we have ¢ = ve for some 0 # ¢ € B,
by (i). Also, by (ii) we have 0 # t2 = (ve)? = un(e)1 € R, which is cancellable. Now,
we have by (3.1),

tP = (ve)P = v(Pe) C vB

and hence, (P,t) = P @ tP. By (iii), P has a scalar involution * = % |p over R. We
have
(a4 tb)(c +td) = (ac + t*db*) + t(a*d + cb) for all a,b,c,d € P.

In fact, one checks, using ¢t = ve, (3.1) and the associativity of P, a(td) = t(a*d),
(th)c = t(cb) and (tb)(td) = t*db*. Hence (P,t) = P ®tP = (P,t?) and t = (0,1) in
(P,t?). Moreover, for b € P,

(tb)" =b"(ve)" =b"(e*v™) = b*(—e*v) = —b"(ve) = —v(be) = —(ve)b = —tb.
So, * |(p42) coincides with the scalar involution of (P,¢?) over R. [
We apply 5.9 for A = (Z Ao, t1):

L:=7, R:=Z, B:=(Ag,x),
P:=Z7Ap C B, having the scalar involution % over R,
C:=A=(B,u) and t:=t;.
So we get
A= <ZAO,t1> = (ZAo,Zl)

and t; = (0,1). Let H := Ag which is the quaternion division algebra over K described
above, in which case the division I'-graded associative algebra

ZAo=Hox K[2F, ..., 25
16



is equal to Hj constructed in 5.5(2). Thus we get
A= (ZAo,7) = (Hi,2z1) =0y in Construction 5.5(2),
which have the same Z"-gradings (see the uniqueness part of Z"-gradings in 5.3).

Case (III): m = 2, i.e., I' = 2Ze; + 2Zeo + Zes + - - - + Zey,.
Since every homogeneous space has the same dimension, we have dim— Ag = 2. Thus,
Ag = (Ag, *) is a quadratic field extension of Z with the restricted scalar involution
%, and by 3.8, through the 4-dimensional subalgebra B; := Zﬁ ® Ag,,

A= (A67 M1, :u2)

for some structure constants 0 # 1, s € Z. Also by 2.4(ii), Ag is a quadratic field
extension of K. Hence, Ag has a scalar involution over K, and by 5.8, ZAg has the
scalar involution * = % |z, over Z. Also, if Ag is not separable, then the scalar
involution of Ag is trivial. So, % becomes trivial and A becomes commutative and
associative. This contradicts our setting. Therefore, Ay is a separable quadratic field
extension of K.

We show the following which is a corollary of 5.9:

Lemma 5.10. Let B = (B,*) be an associative composition algebra over a field L
and R a subring of L. Let C = (B,p1,... ,fm) for 0 # p; € L, 1 < m < 3, be an
alternative algebra over L. Let By := B and B; := (Bij—1,p:), 1 <1 <m. (All B;
have the restricted scalar involution x of C'.) Suppose:

(i) There exist t,... ,t, € C such that n(t;, B;_1) = 0.

(i) 0#t? € R1=R for all1 <i < m.

(iii) P is a subalgebra of B over R such that the restriction of x to P is a scalar
involution over R.

Then,

(Pit1,... ,tm) = (P,t3,... ,t2)
and each t; = (0,1) in ((P,13,... ,t7_1),t7).

Proof. The case m = 1 is done by 5.9. For m > 1, assume that the subalgebra P, 1
of By,—_1 generated by P, t1,... ,t,,_1 over Risequal to (P,t3,... ,t2 ;) and that the
restriction of the scalar involution * of B,, 1 to (P, t3,... ,t2 ) is a scalar involution

over R. Then, since C = (B,;,—1, itm ) has the element ¢, satisfying n(t,,, Bm—1) =0
and t2, € R, we can apply 5.9 for B= B,, 1, P = P,,_1 and t = t,,. Namely,

<P7t17"' 7tm> = <Pm—17tm> = (Pm—lati@) = (Pﬂﬁa thn,)u

and each t; has the required form. [J
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As in Case (II), we apply 5.10 and get
A= <ZA07t17t2> = (ZA0721722)7
t1 = ((0,1),(0,0)) and tz = ((0,0),(1,0)). Let E := Ao which is the separable

quadratic field extension of K shown above, in which case the division I'-graded
commutative associative algebra

ZAo=Eox K[2F', ... 25

n

is equal to E; constructed in 5.5(3). Thus we get
A= (ZAo,2,2) = (Ei1,21,22) =03 in Construction 5.5(3),

which have the same Z"-gradings.

Case (IV): m = 3, ie., ' = 2Zey + 2Zey + 2Zes + Zey + - - - + Ze,. B
Since every homogeneous space has the same dimension, we have dim- Ag = 1. Thus
we have Z1 = Ag = (Ag, *) with the restricted scalar involution * which is the trivial

involution, and by 3.8, through the subalgebras By = Zg ® Az, ® Az, @ Zm2 and
Bla

Z = (A67 M1,y 2, ,Ltg),
for some structure constants 0 # p1, pio, p3 € Z if ch. F # 2.
Note that Ag = K and ZAp = Z in this case. As in Case (II), we apply 5.10 and
get
A= (Z,t1,ta,t3) = (Z, 21,29,23) = 04 in Construction 5.5(4),

which have the same Z"-gradings. If ch.F = 2, then B; = Ag ® Az, is a purely
inseparable extension field of Zﬁ by 4.1(i). Hence, B; is not a composition algebra,
which contradicts 3.8. Therefore, Case (IV) cannot happen if ch. F' = 2.

The different descriptions of the octonion rings follow from 5.6. The last statement
follows from the fact that Ag is an isomorphic invariant (which is easily shown). O

Example 5.11. We choose our base field F' to be R, the field of real numbers. Then
there exist a unique quadratic field extension C, the field of complex numbers, a
unique quaternion division algebra H, Hamilton’s quaternion and a unique octonion
division algebra O, the algebras of Cayley numbers. Hence there exist four division
Z™-graded alternative but not associative algebras over R, namely, taking K to be R
in 5.5, 01, O3, O3 and Qy4, the Cayley torus over R.

Moreover, if we assume that a homogeneous space is finite dimensional (and hence
all homogeneous spaces are finite dimensional), then any division Z"-graded alterna-
tive but not associative algebra over R is isomorphic to one of the four algebras above
or another Q4, the Cayley torus over C, taking K to be C in 5.5. Indeed, we know
that finite dimensional field extension K of R is R or C. If K = R, then we get the
four algebras above. If K = C, then the only finite dimensional division algebra over
C is C. Hence we have A9 = K = C and only Case (IV) appears in 5.7.

We showed that any division Z"-graded associative algebra is isomorphic to D, 4
which is a natural generalization of quantum tori (see [13]). Thus:
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Corollary 5.12. A division Z™-graded alternative algebra A over F is graded iso-
morphic to some Dy g or to one of the four octonion rings O, Oz, O3 and Q4 for
some toral grading.

If a division Z"-graded alternative algebra A = ®nezn An Over F is a torus over
F, then Ag = Zg = K = F. So we have the following corollary which improves the
result in [4], namely, the classification of alternative tori over any field:

Corollary 5.13. Let A be an alternative torus over F'. Then, A is graded isomorphic
to either a quantum torus or the Cayley torus for some toral grading. If ch. F = 2,
then the Cayley torus does not exist, and so A is isomorphic to a quantum torus.

Corollary 5.14. Let A be an alternative torus over F and Z the centre. Assume
that A # Z. Then A has degree 2 over Z iff ch. F' £ 2 and A is graded isomorphic to
either the quaternion torus or the Cayley torus for some toral grading.

Proof. 1t follows form 4.3 and 5.13. [J

§6 DIVISION (Ag,Z"™)-GRADED LIE ALGEBRAS

Let F' be a field of characteristic 0 in this section. Recall the definition of division
(Ag,Z™)-graded Lie algebras (see Definition 2.5 and 2.7 in [13]): Let g be a finite
dimensional split simple Lie algebra over F' of type Ao, b a split Cartan subalgebra
of g, A its root system, and G = (G, +,0) an abelian group. A A-graded Lie algebra
L = @®ucauqoy Ly over F with grading subalgebra g = (g,b) is (A2, G)-graded if
L = ®4cc L9 is a G-graded Lie algebra (assuming supp L generates G) such that
g C LY. Then L has the double grading, namely, L = Sueavfoy Dgec Lf,, where
LY =1L,NLI. Let Z(L) be the centre of L and {h, € h | p € A} the set of coroots.
Then L is called a division (As, G)-graded Lie algebra if, for any p € A and any
0 # x € LY, there exists y € L~7, such that [z,y] = h, modulo Z(L).

Example 6.1. Let A be a unital alternative algebra over F. Let
pSlg(A) = (8[3(F) XRXrp A) D DA,A,

where D4 4 is the span of all inner derivations, i.e., Da g = span{Dg,y | a,b € A},
where D, = [Lq, Ly| + [Ra, Rb] + [La, Rb]. (Lo and R, are the left and the right
multiplication on A by a.) Then it is well-known that D4 4 is an ideal of the Lie
algebra of derivations of A. Define a product [, | on psi3(A) containing D4 4 as the
Lie subalgebra by

b+b 2
[ @a,y®b = [z,y] © = JQF a+(l‘y+yw—§tr(wy)1)®

and [Dpc,x®a] =2 ® Dp(a) = —[x®a, Dy

ab—ba 1
5 + 3 tr(zy)Da b

for z,y € sl3(F) and a,b,c € A, where tr is the trace of a matrix and I is the identity
3 x 3 matrix. Then psi3(A) becomes a Lie algebra (see [11]). Let h be the Cartan
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subalgebra of diagonal matrices in sl3(F), €; : h — F the projection onto the (i, j)-
entry for i = 1,2,3, and A := {g; —¢; | i # j}, which is a root system of type As. Let
Lo=(b®r A) ®Daa and L., ., = e;j(F) ®r A, where e;;(F) is the set of matrix
units with coefficients in F. Then psl3(A) = @aecauo} La is a centreless As-graded
Lie algebra with grading subalgebra sls(F) = (sl3(F),b) (see [5] or [4]). Note that
if A is associative, this Lie algebra is isomorphic to psl3(A) defined in [13]. Suppose
that A = @geq Ay is G-graded, then psl3(A) = @gee LY, where

LY=(hop Ag) & Y DAh,Ak@< ) (6z‘j(F>®FAg))v

g=h+k €;—€&;EA

gives us an (Asg, G)-graded Lie algebra. We call this G-grading of psl;+1(P) the
natural compatible G-grading obtained from the G-grading of A. Let {h;; :=e;;(1) —
eji(l) | e, —e; € A} be the set of coroots. Then one can easily check that

leij(1) ®a,e;;i(1) @b =h; ®1 <= b= al.

Thus, if A is division graded, then psl3(A) is a division (A3, G)-graded Lie algebra.

The rest of arguments works similarly to the case psi3(A) for a unital associative
algebra A. So we will omit some definitions and simply state results without proofs
(see [13] for the detail).

Lemma 6.2. Let A be a unital alternative algebra. Suppose that the As-graded Lie
algebra psl3(A) described above is a division (Ag, G)-graded Lie algebra. Then A is
a division G-graded algebra, and the G-grading of psls(A) is the natural compatible
G-grading obtained from the G-grading of A.

Proposition 6.3. A division (As,G)-graded Lie algebra L is an (Aa, G)-cover of
psls(A) admitting the natural compatible G-grading obtained from the G-grading of a
division G-graded alterative algebra A.

Thus, combining our main result 5.12, we obtain:

Theorem 6.4. Any division (Ag,Z™)-graded Lie algebra is an (Ag,Z™)-cover of
psl3(Dy q) for some Dy q or psls(Q;) for i =1,2,3,4. Conversely, any pslz(Dy q)
or psl3(0;) is a division (A, Z™)-graded Lie algebra.
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