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o A, ::{s:(sl,---,sn_l)eRgal Y 1S < }
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8 0(s)> (1= )02 (o1 0 sn)
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V,:dodood A,O0O continuous convex functions ¢ [ [
(Ao) y(0) =y(er) =+ =y(enq) =1
8 0(s)> (1= )02 (o1 0 sn)

)

(An) lﬁ( )Z(ZJ 1SJ) (Z : S]

en=2000 A,=10,1] 000, V¥, O convex functions y [J
gobbooogboo

y(0)=y(1)=1 & y(t)=max{l-t, t}
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”(Xla"' ,Xn)”x//

(B ) w(
def | o

(IX2l, - -+, 1%al) (x #0)

(x =o0)

1
Zjnzl |Xj|

@ ||-|l, O absolute normalized D0 OO0 OOOO0OOO
Vysy «— |-, e AN, ODODODODOO
(F. Bonsall, J. Duncan, K. Saito, M. Kato et al., 1973, 2000)

e 2000 |-, 0000
Ya(Xe, s Xno1) = \/2 SR (XE = X)) + 2 X xix + 1
Nn=20000y,(t)= V2 -2t + 1

check: [I(x1. x2)lly, = (Xal + Ix2l) v2Ix2[2/(1Xa] + [X21)2 = 2lx2l/(1Xa] + [x2l) + 1
= V222 = 212l (Ixa] + Xal) + (IXal + 22 = Vixa? + [xa[2.
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e J0UIODO XOODO
X +yIPP + lIx = yIP
Cni(X) = sup{
o) ot 2 (IXIZ + 1y I?)
von Neumann Jordan (O O 0 NJ) constant 0 0O 0O
1<Cyy(X)<20O0OOMOCy; =1« X : Hirbert space

: X,y € X, not both o}

Cni(X) < 2 &= X : uniformly non-square

Cna(ll - llp) = 21@P)Plfor 1 < p < oo
(by Holder's and Clarkson’s inequalities)
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Theorem 1 (lk, Kato)

eV, yt)=y(l-t)for 0<t<1, (K=R)
Y(t) Ya(t)

Assume that M; = max —=, M, = max —=
0<t<1/2 zj/z(t) 0<t<1/2 w(t)

are taken at unique points t;, t,, resp. Then
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Corollary 1

yeV,, M, = max Y(t)/a(t), My = gnta)iwz(t)/tp(t) are taken resp.
<t< <t<

att = t;, t, which satisfy one of the following conditions:

() tit; = O (v is not necessarily symmetric att = 1/2)
e, Y >y ory >y,

(i) ¥ is symmetricatt =1/2 and (1 -2t;)(1-2t,) =0

(i) ¥ is symmetricatt =1/2and (1 —t;)(1-t;) =1/2

= Cn(ll- ||¢) = Mf M%
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0000 ¢(s) =max{ya(s), A} > y(s) for s € A,
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3. Examples: Cy; for the norms ass. with conics |
(Ik, Kai, Kato)

@ Hyperbola norm

O<a(<)4c, a < 2VC, Ynypae)(t)= VatZ—at +c+1- +c
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3. Examples: Cy; for the norms ass. with conics |

@ Hyperbola norm

()
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021

(Ik, Kai, Kato)

O<a(<)4c, a < 2VC, Ynypae)(t)= VatZ—at +c+1- +c

1(z, W)llhyp(ae) = (1 = Ic)(1z] + wl) + ye(lz] + [wl])? — alzw]|

o [l O 000 |-l

T.IKEDA (DODOOOD)
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L4 CNJ(” : “hyp(a,c)) -

1
E(\/4c—a+2—2«/6)2 if c>1, 0<a<2+4c
(on gray domain) or 0<c<1 O<ac<p(c),
a(a+2-4+c) _ 3-2V2
_ if 0<c<s——— p(c)<a<ic
2(a - 2¢) <= rl)
3-2vV2
(on orange domain) or T\/_<c<l, p(c) <a<o(c),
a(a+2-4+c 3-2vV2 1
(8 + Vo) i \/_<c<—, o(c)<a<4c
(a-2c)(Vdc —a+2-2+c)? 2 4
1
(on green domain) or Zso<1, o(c) <a <24,

where p(C)—%[3C+2\/_—l+(l— \/E)JQC—Z\/EJrl},

o(c) = (8-4V2)\c-6+4V2
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L4 CNJ(” : “hyp(a,c)) -

1

E(\/4c—a+2—2«/6)2 if c>1, 0<a<2+4c

(on gray domain) or 0<c<1 O<ac<p(c),
a(a+2-4+c 3-2vV2
(2(%20)\/_) if 0<c< \/_, p(c) <a<4c

(on orange domain)

a(a+2-4+)  3.2+2 1
(a-2c)(Vac —a+2-2+c)? : > <c<g olc)<a<de

1
(on green domain) or g <c<1, o(c)<a<24k,

where p(C)—%[3C+2\/E—l+(l— \/E)JQC—Z\/EJrl},

o(c) = (8-4V2)\c-6+4V2
o Cn(ll llnyp(ac)) DO DO DO [1,2] O parametrized.
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@ Parabola norm
0<c <1, Ypae)t)=ct?—ct+1 (0<t<1)
C|zw|

Z,W =|z w|—-— for(z,w)#0
”( )”par(c) | |+| | |Z|+|W| ( )

T.IKEDA (DOOO0O0O) Aug. 24, 2013 11/14
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C|zw|
1z, W)llpar(c) = 12] + Iw| = T for (z,w) # 0
v (1/2)? 4—c)?
00000 Ch(l- llpare) = izr(a/z)z _ A )
2
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@ Ellipse norm
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0<a<2vVe, Yeiae)(t)=1++vc-V-at2+at+c (0<t<1)
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@ Parabola norm
0<c <1, Ypae)t)=ct?—ct+1 (0<t<1)

C|zw|
1z, W)llpar(c) = 12] + Iw| = T for (z,w) # 0
v (1/2)? 4—c)?
00000 Ch(l- llpare) = p;r(z)l/z)z _ A )
2

@ Ellipse norm

0<a<2vVe, Yeiae)(t)=1++vc-V-at2+at+c (0<t<1)

1(Z, W)llenacy = (1 + ve)(Izl + wl) — ye(lz] + Iwl)2 + alzw|
for (z,w) # 0
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@ Parabola norm
0<c <1, Ypae)t)=ct?—ct+1 (0<t<1)

C|zw|
1z, W)llpar(c) = 12] + Iw| = T for (z,w) # 0
v (1/2)? 4—c)?
00000 Ch(l- llpare) = p;r(z)l/z)z _ A )
2

@ Ellipse norm

0<a<2vVe, Yeiae)(t)=1++vc-V-at2+at+c (0<t<1)

1(Z, W)llenacy = (1 + ve)(Izl + wl) — ye(lz] + Iwl)2 + alzw|
for (z,w) # 0

2
00000 Cu(llleiae) = 2(1+ vE - Va +4c/2)
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4. James constant J
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4. James constant J

e JUODODO XDODOOU

J(X) sup{min(|lx +vyll, IIXx =yl : X,y € Sx}

def

e James constant J [0 0O 0
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4. James constant J

e JUODODO XDODOOU

J(X) sup{min(|lx +vyll, IIXx =yl : X,y € Sx}

def
e James constant J [0 0O 0
e J(X)?/2 < Cny(X) < I(X)
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4. James constant )

e JUODODO XDODOOU

J(X) sup{min(|lx +vyll, IIXx =yl : X,y € Sx}

def
e James constant J [0 0O 0
e J(X)?/2 < Cny(X) < I(X)

o eV, My =maxoge ¥(t)/¥2(t), Mz = maxoc<1 Y2(t)/¥(t)
goono
max{M2, M2} < J(II-ll,) < V2M;M,
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4. James constant )

e JUODODO XDODOOU

J(X) sup{min(|lx +vyll, IIXx =yl : X,y € Sx}

def
e James constant J [0 0O 0
e J(X)?/2 < Cny(X) < I(X)

o eV, My = maxoc< ¥(t)/v2(t), My = maxoc< Y2(t)/y(t)
goono

max{M?, MZ} < J(U-1ly) < V2MmiM,

I~ lly) = maxiMZ, M3} &= ¢ =y or Y
W1, Yoo D fl ¢>0 000000 function)
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Theorem 2
eV, yt)=y(l-t)for 0<t<1, (K=R)

M; = max ﬂ, M, = max (£10) OOoooo
0st<1/2 Yo (t) ost<1/2 Y(t)

I 1) = V2MiM,

A, t, €[0,1/2] s.t.
() M Yo(tz)
Yo(ty)’ a w(t)

L= & (1-t)(1-t)=>
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Theorem 2
eV, yt)=y(l-t)for 0<t<1, (K=R)

_ w(t) B Ya(t)
M e ) T2 e ey

I 1) = V2MiM,

A, t, €[0,1/2] s.t.
y(ta) ) _ _ =
1= m, 2 = lﬁ(tz) & (1 tl)(l t2) -

Corollary 2
Theorem2 0000000

Cra(ll-lly) = Cy(II-1ly) = Cz(lI-lly) = C7 (Il lly) = %J(II-IIM2 = MIMZ

<
|
<
|
N -

4

I+ ylly I = ylly
IXIZ + Iy 12

where Cz (Il - lly) = sup{ C(xuy) # (o,o)} Zbaganu const.
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@ Example

C2
0<c<l, w(t):max{l—ct, 1-c+ct, 1—?}
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@ Example

C2
0<c<l, w(t):max{l—ct, 1-c+ct, 1—?}

w(1/2) 2-c?

My=1 M, = "2 - (c < -1+ V3),
() — CUa(t) 2(c?2-2c+2) B
Ml_wz(tl)_\/c 2c +2, Mz_w(tz) = o (-1+ V3<c),

wheret; = (1-c)/(2-c), t, =c/2. Then (1-t;)(1-t;) =1/2.

T.IKEDA (DOOO0O0O) Aug. 24, 2013 14/14



@ Example

C2
0<c<l, w(t):max{l—ct, 1-c+ct, 1—?}

w(1/2) 2-c?

M =1, M, = = <-1 3),
1 2 a(1/2) NG (c <-1+ V3)
() CUa(t) 2(c?2-2c+2)
Ml = lﬁz(tl) = VC2 —2C + 2, Mz = ¢(t2) = 52 (—1 -+ \/§ < C),
wheret; = (1-c)/(2-c), t, =c/2. Then (1-t;)(1-t;) =1/2.
2-c? if 0<c<-1+ V3,
I Nly) = 28wl - Hly = 2(c2 - 2c +2)

o3 if —1++V3<c<1
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