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tions. We would like to thank the lecturers for their interesting talks and the preparation
of their papers for this proceedings.
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§0 Fr
K Z2REMAERE L, p2ZoiEkE35. ABRDK LOFRKRTLEZTERETHD & &,
ZOHCRBEEDTE Aut(A) DREFEOREEZFFHOZ LT <monTns. p
=0 DLAEITIZZ O U —5 L(AUt(A)) 1LERIZ A DESER Der(A) IT—H3 2528 &
SEBLNTWD., LOLERL, p>0 OBAICIET—MRITIZZIOZ I Lanwz &
DETHERBTREND. ZHICEHLT, o002 HE L RO L H 2 TFHIZ LT
5.
A ORIEZRSE 2K der(A) 1% Der(A) OESy Y —BR T, 2 Aut(A) @V —B
ThA9.
AT OME T, ZOZ EZ2RTHE LT, AX 3ROMHEE S3OBER TH HH5HA
DR REMERZRE L. HRIILUTOEY Th 5.
P£23 D& X, A=KXKXMyK). Zhnt, Aut(A) =S; X PGLy(K).
p=2 DL x, A=KX/OA)XMy(K). Zhmd, Aut(A)=K*XPGLy(K).
p=3 » & &, dimAut(A)=4, (Aut(A): Aut(A)y)=2.
WFROBEITEH, LAUt(A))=der(A) 235E L TW 5.
ZZTC, p=3 DA, REREE Lok, EERSOEBITa L Ea—H - Y
7T EMALCEEERTH D,
AlEl, p=3 OHFEIZ, A OHCHERBIAEO 723220 End(A) ##EL<H~DZ &
XY, EROBREZaVEa— XKL TICEATE DT, ZOMIEE2RET 2.
L AT, ERROMERED D BETE 2 21F, KIXREWBIETIZR < EBDR, Rk
FRIE, THONZT 5. 6o T, p=3 OFAICH, MBRBELE L TOTEDHINEE L.
ZAUZHONWTE4 TEKT S.
88 1,2 TIE KIIMEK 3 DIEEDRE L, §3 TIEE HICEMIRAKRE 5. REEEE
RCREBED TR 72 Z L 1F [2] 1219

§1 KS;

3 IRXFARE S3 B8 LN Z OFEER (group algebra) (ZOWTLL FOBEmMmICHE /R - L& F
L5,

S3INiEk 6 DHET, 2 DDJt ey, e THEMS, ROEABEZ LD

2 2 2
(1.1) e1"=ep, €°=e€y, exe;=(e1e,)



ZIZT, elESsOHEALILTHD.
(1.2) €3=e16261, €4=€162, €5=e-e1

LRI,

S3={eo, €1, € €3 €4 es}
T, e e eI 2% 6 H, es,es DNEIT3 THD. As={eo, €s, €5} (TIEBLERIHE
T, SROZRHETH 5.

K %455 3 OEEORE L, A=KSs% S0 K LoBEEE+%. +7/4bbh, ALSs
DIEEIIEIT b K 0 6 Wiy MVZERT, S OREBIAICIAT 5 2 Lo ko
THOND K EDZTRTHL. e BHMILTHL. O TINE L TET.

ATEEEN (T7205, AlXL RO ERETIHEINLR ) TH 5. A DRI (Jacobson
radical) R 1% {e1— €z €1— €3, 80— €4, €0— €5} TIEHND 4 RTEDA FT LT,

AR=K XK.

§2 End(A)
ADLWEMR o 73, o(1)=1T, ADEED 250 a b okt LT

@.1) o(ab)=a(a)a(b)

iz &, ADHCHERM LTINS, 2502 KDORTHA % End(A) THET.
ZAUF L IREBORE (AR I LTHLE TV 5.

E Sg DIABILR (1.1) £V,
(22) ADESES {en e} 1D, A~DER | 2
fle))’=1, f(ex)’=1, f(e2)f(er)=(f(en)f(e2))’
AT EE, fIT—ENICADOHCHERBICIESNS. E#EOERNIT
f(er)f(e2)f(e1) =f(e2)f(en)f(e2)
TEEHMZTH L.

FEEE, (1.2) kv, fes)=f(e)f(e)f(er), f(es)=f(e)f(er), f(es)=f(exf(er) & EFd L
L.



AXA DHHEAR B Z RO X5 ICEHT S
(2.3) B={(a, b)eAXA | a=1, b?’=1, aba=bab}

A OECHERT f 2 (2.2) OFREMT 2 LEHLNTHLIND, (22) L1,
2.4) T fo (fer), f(es)) 1Z ENd(A) 725 B ~DLHHTH 5.

Aut(A)=End(A) N GL(A) T 515,

(25) (47T, (@b iIcxtET 2 ADOHCHERMNE 0 ET5LE, 0o DAOACFEM
TH D712 DLER G S

{1, a, b, aba, ab, ba}
DLW THDHZ ETHD.

B # EKMIcT A7Iz, 69, A D(ikk 2 DTEFHS. acA N ai=1ThdL
T5. a=Y2 xie; LH<. SsDRMEHRICLY, Xo, X1, ..., Xs DT TR A kb #k
B4 5L ROMEREBS.

(26) A=Y me DLx, al=1 L HBIDOLEFSEETRD () E70F (i) 7
ROSNEHDZ ETHD

(i) Xo==1, xi=0 (i=1,...,5)

(i) X0=0, Xi+Xo+Xs=%1, Xa+Xs=0, Xi°+Xo>+Xs°+Xs°=1
Tbb,

{acA | a®=1}

= {+eo} U {X1€2+ X082+ X383+ Xa(€a—€5) | X1+ Xo+Xa=+1, Xi°+Xo>+Xa>+Xs2=1}

Wiz, a,b nat=1b*=1 #H7=FLx, (@beEB L5t RDS. KPFHRD
ZEWXRBZ TS,

(27) acA L7 5.
(i) (teo, 8)eB = a=+ey (EH=[FIR)
(i) (a teg)EBeoa=+ey (=)

FIZT, ADESHESD D 2ROLIICERT S -
D" ={X:01+ X0+ X33+ Xa(€4—€5) | X1+ Xo+Xs=1, X2+ Xo°+Xs°+Xa>=1}



Di:{Xlel+X2€2+X3€3+X4(e4_es) ’ X1t Xo+X3=—1, X12+X22+X32+X42:1}

(2.8) (a, b)#(+eg, +eg) LT 5. ZDL X,
(a,b)eBea beD £/t a beD .

AEBHOMERS. HEME 7 A > AR ZIEETHR ET5. §1oEmED,
(X181 X221+ X383+ X4(€4—€5)) = (X1 + X2+ X3)m(€1), m(€1)#0
RELY a,beD"UD T, n@=nr). Zh»dabeD " E/-iTabeD RNorsb.
T3 PE. a=X181T X282+ X33+ Xa(€s—€5), b=y181TYyse2+Yyse3+Ys(€s—es) D3R Z 7
e Th. ZolxabaxHEAETLE, LFXYICOWTKHHRTHDL Z Ennnbd.
ZPZ kX aba=bab #EWT 5.

27) BLO (28) LY,
(2.9) B={(eo,€0) }U{(—€o, —€0) }UD XD")U(D xD").

§3 Aut(A)

ZOfITIE K IREMBAGTH D 45, ARIK {e, ..., es} ICLD 6RET 77
A VR K LR D, AD LREREROERE ER) TR, ik, K L6
RIETATHNDEERTH L0 6, 36 IRTLT 7 7 A VY ZEM EHREND. A AXAB LT,
E(A) 13 Zariski f2AHIC X 0 (ATFIZE T b 5. A DIERIZ LIRZE AR D 723 GL(A) 1%
E(A) PHEATHS. (21) WEEDOMOLEXERE BT 275, End(A) X E(A)
DS, Aut(A)=GL(A)NEnd(A) I% End(A) OBIEATH 5.

(3.1) BIXZAXADOHEAT, BB (24) 1ZEnd(A) 7256 B ~OREEHEAEOFRATH
H5.

KB, f(er), f(eo) 1ZENEN f ORBUTHIOE 151, H25ITHD FILE 0505
B2 B) D INESERGE THY, (12) £V #FRLZEXGETHS.

(32) D', D & bic A=K OBESES T, BN 2 RIERESEIETH S,

FEF O, TSI LM K ORBSERICERTH S, EbiZ, 7774~
FEREZE A L C K3 ICHDIAT Z LN TX . Z 0BT, 1 SOBNZEA TES
S, #oC, KROBMARBRBEICFAMNCHS. Zhnd, 2 RITOFRELEERT
BHDZEBBIND.



(33) (1) o=Aut(A) IZx LT, ADLRER o ZROXIIHRDD
o'e)=—o(e) (1=1,23), o'(e)=o(e) (i=0,4,5)
ZoLE, o TADHCRETH D, T70b5, o EAUt(A).
(2) e=(iday EBL. ZHTZAOHCZRMTH S : ecAut(A).

AE. (1) o ITADBCREENS, BHIT o EAUA) bnbd.
(2) IdaEAUt(A) TH DD e=(ida) EAUt(A).

(24) BLW® 31) I2X-T, End(A) & BZEF—#HT5H. ZDLx,
(3.4) Aut(A)N (D" xDM)#¢, Aut(A)N(D XD )+#¢

EE5, idac Aut(A)N (D xDY), e Aut(A)N (D~ xD").

(€0, €0), (—€0, —€0) € AUt(A) TH DD, (28) L1,

(3.5) Aut(A)=(Aut(A)N (D" XDM) U (Aut(A) N (D~ xXD™))
£ Aut(A) DBEKIR G ~DfE T D, 15T,

(i) dim Aut(A)=4,

(i) Aut(A)=Aut(A)N (D" xD™),

@iii) (Aut(A) : Aut(A)o)=2.

KBS, (32) £ D'XDY, D XD X 4 Wt OBEK e REZERIA T, Aut(A) & oI
IHETH LI NS, TNFNEENITH S, dimD =2 LV, (i) 2V . (34) O
am 0, Aut(A)N (DT XDY) IFHNLEE T Aut(A) OBEKI TH D, TRb b,
(i). EHIZZThnd (i) 6.

§4 HIRMEKDLA

A ONEHE CRFREEZ Int(A) THET. 2T Aut(A) ORFIERE SR CEETH 5.
PE->T, Int(A) C Aut(A)e 230 2 h, HIFEIOFEE CIRORBEEDFTEERINN D D Z
L EWE L7 [3, Remark]:

4.1) {1} — Int(A) — Aut(A), — K* — {1}

INHOBEITWTNLE R L TERINTWADT, KN KOESERTHDL L X, k
HEE DR



(4.2) {1} — Int(A)K) — Aut(A)k) — k* — {1}

HEAETIERWNEEDND., T 0 RITHLHZ LIFHALNTHD. MEIX
Aut(A)o(k) — k* BNefThsr L ThDH. k BAERKEKDOEE, [1] (165) Lh Z0E
BIZEHTHDL ZENDND. 1E-7T (4.2) ITEERINITHS.

kK ZHRIKE L, Tk K=3" 35, S3OKFEOBERZ LD TA LBL.
ZDEE, (42) TRORINEERT S

(4.3) {1} — Int(A) — Aut(A), — k* — {1}
22T, DT &R 27 DEBICEELEADOEHNESL LT,
(4.4) Aut(A)y=Aut(A) N (D' xD")=GLA)N (D" xD")

L. TAUT AUA) DR ORISR CTH S
INt(A) = A“IZ(A) Th DM D, ZOEDOREONIE TS &,

(4.5) Int(A)|= (3" —1)-3*"

DG, kK=3"—1 THY, 43) BDEERIITH D2 ENE Aut(A)y OMEIE
@"—1)%3"" THDH I ERND. INBHEST,

(4.6) IAUt(A)|=2- (3™ —1)%- 32"

INTINB.
K OREFN 3 LIS DGEEITIE, BB R 5RO HAEH RS, T _XTEF LD
EIRD LI HITD.

4.7 k&P ELORRIAL L, AZKEED SsORRETS. A DA CFRARE
Aut(A) DAL

() p#2 304, |AutA)=2-p" (p*"—1)

(i) p=2 O¥BA, |AutA)=2"—1)-2"(2*"—1)

(i) p=3 DA, |Aut(A)=2-@3"—1)%-32"
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2 EIET 1

1 ([FL®HIC

KEFFFEW)EH EEERTF SR HLH. TOR/NEIIL BCH
bound EMHEND LD TEMEIcNS. FNaE L7z HT bound,
Roos bound, Roos bound O E#IT 5.

2 HEXE
o q FEHM, F =GF(q) 20tk ¢ DARIE, n zBRE LT 5.
DR ZEM 2R E n OFF 5 (code) V). FEENEE S
TWHZEIEETH L.

o O ZWTN k TEEN n O ELT 5. C DREEITETS
(k,n) F781% C DERITFHIE .

o x= (1, Tn)y Y= (Y1, Yn) € F" (w;, yi € F)ITXLT
NiE &

(x,y) = szyz

mi@ﬁ@éfl

C #ffm5L L%,
Ct={xe€F"|(x,u)=0forueC}

IZE D C OMFFFE (dual code) ZEDDH. C+ OARKITH %
C O] T 4 AT (parity check matrix) &Y 9.

° u:(ul,u2,--- ,Un) eF" LLLEE,

wu) = [{ie{l,--- ,n} : u; # 0}



2 EIET 2

ZJC u O weight(HS) &1 9.
C % {0} LITRRLF5LTD.
min{w(u) |u e C'\ {0}}
Z C OR/PNES LW,
d(C)
EELZEIZT S,
dim C 1 TEETEHHHRELRL, KREFIUTKREWITE L.
d(C) IFFTIETE 580 @& L, Thb REFIUTKREWIZ
ELrwv. —F, ZabiZiE, Singleton bound
d(C) < n—dimC +1
EWVD A RETOREBRNRD S.

e CZEIn O/ FETDH. (ur,ug, - ,uy) 7 C OILIRHZED
KE T b (up,ug, s yup1) b C OILTHDH EE, C 1FK[H
5 (cyclic code) & FHEND.

KEIFFFIIRIRE Flo)/(a" = 1) DA T TN ERILBEDTH BH.

o LUT, (ng)=1%¢7%. ZoOLXx, 2" — 1 ZEREZF 7220,

F=w 7 FREOZENX g(x) N 2" -1 285 T 5. Fi

R Flx]/(x" — 1) IZ8WT g(x) DERT DA 7 7 /WiFKEIFF 5
2720, [EEOKEFFILIZOETHELND. T OKEIF I

<g(x)>



2 EIET

LEMN, g(z) 122 OKERBEOERSEA L Vb,

dim <g(z)>=n — degg(x)
L%, W, REFSOTIE, n—1 KU TFOLEKE LT
ZrbHBHL, 1, 3, 22 -, 2" (mod (2" — 1)) FEE L
TR MLELTIHY Z b H 5.

WEF 513 OERSTEXEZ EDIVUIEED. &L A TERS
HRIL 2" — 1 2HABEDT, TORITZ1IOnFERTHS.
CZEFSEL, NZ1DOnFTRHORDIERETH. C D

LEZHEAE RS, ulr) € C THDHIZDDMEAZFEMNT N
TON O alZ¥H L Tula)=0ThdeEE, NIIC EZED

BHBHVNEICIEN TEEBEVS LIt 5.

g(z) € Flz] ZBEI72 2L T 5. a 21D n FIRO 1D
Y5 (0S1<n—1) gla) DRI, (o) =l b
g(z) DR TH L. - T, g(z) DREKE

{a!, 0l /T o ..}
DOFZELTWAH. JED

{l,lg,1¢* 1, -}
% cyclotomic coset £V 9. 7272 L, modulon TEXTW\5.

AL HAE BRI 5. S5BERIIA F 1306 2 72 cyclo-
tomic coset DEAITKIELTWSD. ZD X 51T, cyclotomic
coset DEAZFETIITKEIFFIIEE S.




3 BCH bound 4

5l 1. Z D ([7, Roos, Example 1, 1983]) 1Z Z VLB TH = 5.
n=21, ¢=2&7%. a1l 21 FRO1DET 5. 1, 3, 7,
9 % &1 cyclotomic cosets I

{1,2,4,8,16,11}, {3,6,12}, {7,14}, {9,15,18}
E%. i En—1=20 U FOFENELIZ0LT D, o ZARITH
> monic REEKIZEAE my(x) L FES Z LT D, LD cyclotomic
cosets (TS 2RISR my (), ms(z), ma(z), mo(z) L7275,

9(x) = ma(x)ms(z)mz(z)me(x)

LE<L &, g(r) ORIE

{a'|i=1,2,3,4,6,7,8,9,11,12,14,15,16, 18} (1)
LD,
C =<g(x)>
HBEBFE LTI T THS. O

3 BCH bound

Bose & Ray-Chaudhuri([1, 1960]) ¥ & U8 Hocquenghem(([3, 1959])
%, KEIZOR/NE SIS 2ROEXEZ 5272, 21U, &
LEANRLEDTH D,

fid 1 (BCH bound). C # & & n OK[EIFFE, g(x) &2 C DAERK
HX, a Z1DFEn BIRO1SETDH. b 2BRE, 6§ 220



3 BCH bound d

FoBREELT, Elizo— 1D
o (0Li<5-2)

2 g(x) DR BIE, C DER/NDESITIUETHL., 2D 5% C
? designed distance EFESZ ENH 5.

EE MZ10On RIENLRIEELL, b, | ZARKETS.
M={a""0<i<1}

LD 1D n AR a VIFET D EE, M Z (1D n FROD)
consecutive set &9, F£7z, KEIFFES C DEMRZLHNX g(x) DR
PIROEEN M #5lr &, C I M % consecutive set [ZFHfFD &

-

AR []

Bl 2. Bl 1 OKEIFE C =<g(z)> 2525, (1) L&D, g(x) X
H51 DR n TR o ZHWT

{a'|i=1,2,3,4,6,7,8,9,11,12,14,15,16, 18}
ETRTCORE Lz, C 3z
{a'|i=1,2,3,4}

Z consecutive set [ZFf2 (0 = 5). L>TBCHbound £V, d(C) =5
LD
1A,
{a'|i=16,7,8,9}

% consecutive set THDHZ L EFE L TEL. ]




4 HT bound 6

1 DJRSE n RIBROIY HFEHZE % 5 &, consecutive set 1ZIRD K 9
AN ALY

o, BEIDFM n FRET D, a=p9 L7020 BRE o) BMFET
L0, alFih n FIRZDOT (n,a) =1 &705. b, | ZAKRKEL
f=bc; B L, alZBT % consecutive set

b b+1 b+2 . b+l

a, ", a7, . «
X g HNWT
grt=pl,  plta,  piva gl

EFETDH. W, TOROELE, LOEO alZf¥ % consec-
utive set (272 5.

J5hh n FROEY 7% %E L C BCH bound 2 EEEH T KO X
I D.

@l 2. C 2R S n OXKEFE, g(x) 2 C DERZEA, o &1
DFEIEn RO 1DETDH. b ZHRE, 0 220 EOBRE, o
Z (no)=1%¢72bBREET 5.

ot (0<i <6 -2)

» g(z) ORRBIE, C OR/NEZIT U ETHD.

4 HT bound

Hartmann & Tzeng 1%, fid 2 D BCH bound XKD X 91
— b L7z (2, 1972)).



5 Roos bound 7

% 3 (HT bound). C #E X n OXKEWGE, glz) % C DA
ZIEX, o Z1DFln FBRO1OETH. b, s AR, § %
QU LB ETD. ¢ & (nye) =1 LD ARKEL, o %
(nyeo) <d ERDERKETDH. ZDLE,

qbtitetiace 0=i1=6—-2, 0Ziy=5)

0 g(z) DR BIE, C DERNESIZT+s L ETHD.

Bl 3. % 2 DKEIFH C 252 5.
{a'|i=1,2,3,4}, {a'|i=6,7,89}
X C @ consecutive sets TH-7-. fnH 3 T

b=1, c1 =1, o = b, d =5, s=1

b+2101+2262:1—|—21+522 (Oé%lég, 0§22§1)

BEEZD. Gp =010 1+ 1%, 1, 2, 3, 412725, ip =17
564 1%, 6, 7, 8, 91Z725b. #-> T HT bound (M 3) LV,
d(C)Z20+s=6 L7725,

BCH bound IZ57Z>7=DTHREIN TV 5. ]

5 Roos bound

Roos i% HT bound % & H1Z—#{k L7z ([6, 1982]).




6 Roos bound DOZH 8

il 4 (Roos bound). C RS n OXKEIFFS, g(x) & C DHERK
ZIENX, a 1O n FBRO1SETD. b, 55 AR (L L
i< k), 0 Z2UEOAREETE. ¢ 1Si<k) % (na)=1,
(n,cj) <24+s81+S+ -+ S 225k &5 HARE LT 5.
DL E,

ab+i1c1+i2cQ+-~-+ikck (0 § it § s (1 <1< k))
2 g(x) DR BHIE, C OF/PNEIIE

24514534+ sp

UETH2.

6 Roos bound NZEH

Roos bound (%, @ 4 D TIIEWIZ WIERH 5. Roos 14 [7,
1983 T LIEEE AT, ROFLHTEEAT D,

m % multiplicative order of g modulon &3 % (¢" =1 mod n &
2D/ DBAKRE). K =CGF(¢™)(D F =GF(q) £8KL.

N =A{aj, a0, -+ ,au} Z 1D n FRNORDHESR LT H (N CK).
N IZxt L,




6 Roos bound DT 9

EBL. KFEGFT7 O NN TCEDODLNLDE, Hy 12 C OV T 18
TATHNZ 72 5.
K FOEESn O/FF Cy &

CNZ{UEKH|HNut=O}

ICEVEDSD. u= (u,ug, - ,u,) € K" (u, € K) & LT & X,
doafu=0 <= ) oy =0 (i=1,2-- 1)
k=1 k=1

DT, Oy 1TKEIFEFITRD.
dy = d(Cy) 8L, KEFKFS C B N TEDLILTWDH ET D
éf, %é\k LTCC CN fcﬁ@v@,

d(C) = dy

IZEELTHEL.

UL EDFL 5T T Roos 1ERZR- L2 ([7]). W, M, N2X1Dn
FIRNS 2 HHEE51E MN ={aflac M, €N} 1D n FiR
MHIRLHERTHD.

@il 5. M, N 21D n FRPOLRDHETRVERLT D, 20
L&, M CM»>|M|<|M|+dy—2 %ii7-7 consecutive set
M PEETIUR, dyy 2 M| +dy —1 L7025,

M 233 L consecutive TZRWZ L3R A M ThHD.
N 73 consecutive 72 X dy = |[N|+1 THDLZ EDBREND. fE-
T, KFoND.



6 Roos bound DOZH 10

%26.N, M, M ZmE5LFELCETSH. L N 2 consecutive
TIM| S |M|+|N|-17%51E dyy = [M|+|N| £725. HiZC
2N MN TEE KBS 7061X d(C) = M|+ |N| £70 5.

Bl 4. 5 F TOKEGE C 2E2 5.
N ={a'|i=2,3,4} = {a? a? o'},
M={31j=0,1,3,5} = {1,5,8,8°} = {1,a*, o' a*}

ETD. L, B=a L1DFIR21FRTH S ((21,4) =1 £ V).

MN = NU&*NUa?N U o®N
={a?,a’, '} U{a’ a0} U{a™ o, o} U{a,o?, o’}

= {a,a2, 08,0, a5, a7, af, a1t ol a1%)

EIRD.

Z 2T, ARkZIEA g(x) = my(x)ms(x)mq(x)my(z) ODIREZZ 5.
MN OtiX g(x) DR EZR>TND. £, a=al, o®, o€ MN
VG‘)

9x2°=36=15 (mod 21)

LV, a®e MN 725 TWn%. 6> T, MN TEF 5&[afF 5%
C=<g(x)> ThH5b.

WIZHR 6 2MHT D, £9, N ={a'|i =234} IZ consecutive
Ths.

M= {3 8", 6% 3 3% B°} (> M)



TEED 11

E3 % & M X consecutive ThbH. £,
IM|=6<4+3—1=|M|+|N|—1
Lo TWND. E-T, R6XY
d(C) 2 [M|+[N| =7

LB, ]

T FTED

KB RF 5 DO/ NE S 2R3 % BCH bound, HT bound, Roos
bound B XL Roos bound # V> LER L7-H D& HEIZHEI LT,
BARBIORKEFF 5 C Df/NE S OFH#IE

BCH bound : d(C)

1\

5,

HT bound : d(C)

1\
=)

)

1\

Roos bound OE : d(C) = 7

&, Brx L RWEH AL TWD. W, ZOHFIOEBRDH/NE S 1
d(C) =38
LD T ENHMBILTVD ([4, Peterson and Weldon, 1972]).

F7o, 2" —1 % 2" —a (a € F\{0}) IZE X T2FF 1% constacyclic
code LIHIN DA, AFETHRARTE I & LIRIERERD Z & 2360
NEDZ EMF BTV S ([5, Radkova and Van Zanten, 2009]).



23 Sk 12
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BINESFRZ 7« ) —RKREUCDOWT

MHEIXESEHMER
aH FZ
GRIEXZE FHFHEHE 8% L OHREHAR)

FREHODKET S, £/, I FTRTF EoT vy LEEE T3,
F L) K%L & Z2DENEHIZBIL <,
L= £
bR EbOLE, LITHITBEAL TIL—MZERSEE (root space decomposition) % & D
v, HL, H* 13 H OB ZR L, L 13,
Le={x e L]][h,z]=Eh)x for all h € H}
9%, ZOLEHIBAHRIRES, $7. BE
R={{eH" | L #0}

DEFEZIL—bh (root) &ML,

B % L EONFRAZEN—XKIEA (symmetric invariant bilinear form) &3 2% & &, XD 4
DO ) — B2 BFFERT 7 14 ) —RE¥ (locally extended affine Lie algebra)
v, BT, ML CTLEALA &MR5,

(1) HIZACH LI (self-centralizing) . Ml % Lo =H

(2) Bi3IER{L (nondegenerate)

(3) ERDEE ¢ € RX L o€ LWL Tadr € EndpL 13AFTHZFE (locally nilpotent)
(4) R* 3B (irreducible) . Al

R* = R{U Ry and (Rl,Rg):O = Ry =0or Ry =0.



HL. R* & (Ry, Ro) DFEINOERIZLITOMD TH 5, ETAH (1) & (2) »OLED
§E€RICNUTB o MWIFRILICER D, FFIT B [yxpn bIFRILICR 2 DT,

B(h,tg) =&(h) forall he ™

Dt e HDP—HBINICEE S, 2Dt 2L T, RTRONS F EOXRY RV
BN —=KIER (, ) ZRDL I ITERTZ I ENTES

(& n) =Bt ;) for&ne R

ZITR %
R*:={{e R[(£E) #0}
LERT B,

250 LEALA (L, H,B) & (£, 7, B) BABTH2 &1z, ) —fRME LToRMGEHE
oL — LPEFELTo(H) =H & B (o), ¢(y) =B(z,y) (forall z,y € L) 2IKY
VDI ETH B,

JRFTERT 7 4 v ) —REBDFR 27 7 AL LT, HDPHAERRILOGEZIMKRKTP 71>
1) —{R# (extended affine Lie algebra) &9, DAT, BEL CTEALA &5 ([Ne] ),

¥, R* =008 bH 5D, oG, NBL(3) L (4) DFiRIZREE RS, R #0
Z NP AN STOMER G5 b vl 4 ld, R* = () DY % isotropic LEALA &
LT T0s, bEAAHPERRXILE S IE isotropic EALA & FERIE X\, Heisengerg
) —REBUC Z DT TERE %2 T I Z TT & % oscillator A7 £ 1d isotropic EALA Ol &
b, FEHEDVPHBIED, 723D isotropic EALA O HZIRD Tz,

K —=FTRERAD2ZKRET S, TDEE, R DWHEZli-> T,

(&n)eQ forall,neR

ERDEIT(, )AL T —AGHET LI LENTES, TOLEE, LBPEALAZSIE, ()
Z RTESNS Q LEDOXRY FLVZERV THIEFEE (positive semidefinite) 1272 % & Kac %%
FH L. [AABGP] THEMICHIHI N, ZOEHDIERE LT, LA2LEALA TH ()
DREIEEMEIC R 5 2 L3, MY IZBWCGEHI Nz, 512, R TREL6NS Q ho~R”
FLERIZEWT, R IZBPFIEKRT 7 14 2 )Ib—bh % (locally extended affine root system)
IZh 2 Enbrote, TON— LRI, EFEOBREEKIIL—BMR (finite irreducible root
system) . RPAEMREEXIIL— KRR (locally finite irreducible root system) [LN], Macdonald
DF 74 >Ib—b % (affine root system) [M] (X713 [A] Z). Z L CEBARISE DR

K7 742Ib—bF% (extended affine root system) [S] Z HARIWCHREL 72 TH 2 ([Y]
%Rﬁ)o



Z ZTLEALA £IZxf L T, nullity, core # L Ctame L WHIWEZEZEERT S, 7.

R":={¢ e R|(£¢) =0}

THEREIND V OIEFRR IR HEH (free) DEE, ZD 7 ¥ 7 % nullity LR, fit-o
THIZIE nullity 1 £ E 212, ZOMERIZ ZICHABE W) ZETH B, RIT,

Le forall £ € R™

THEEIND L DHEITEE L D core EWFN, L. TERY, TDLE, LIZLDATTIL
B2 Ebnb, I6I12, LoD LTD centralizer 25 L. IZ&FN5 L Z, L1Ftame T
HoHEVIH,

tame EALA O HIZIZIFTE L 72 L 0o TX W0 ([Ne] ), LEALA IZOWTIEE 72
IRES7ED ) TH 5, ROEHAGE, AL, R = {0} 84, MOFEETWY 213 nullity
0 DEAETH DY, JHUd MY1] KBV THEHI N,

K2 W9 & tame LEALA of nullity 0 (&, BRRITTA T NEfEY —E (finite-
dimensional split simple Lie algebra) Z @& %27 7 A, RBFABRA T v N —K#
(locally finite split simple Lie algebra) [NS] (F7:13 [St] ). & 512 2 U IEIRA 1T
NI MATTEZH LI A 7D —BIZHHTE S, tame THRWVLHDIE, N6
X 51T split center ZfHFIMA 7272 1F 75 2 & AEHI L7,

X LTCRDY —77y M nullity 1 £7% %, % 2T nullity 1 @ tame LEALA % BFR7
7142 —R# (locally affine Lie algebra) &9 Z EIi2$ %, BN, ML T LALA LW
5o LALA D)V— FRIZBFAZ 7 14 2 Ib— b % (locally affine root system) & M-1£, [Y]
THHI N, LALA 1Z7 742 ")—R¥ (affine Lie algebra) ., 4., 1—2 Vv KK#
(euclidean Lie algebra) [Mo] Z&¥:27 7 A Tdh 5, 7. LALA OFill7% 7 5 A TdH % tame
EALA of nullity 1 137 7 4 ¥V —fREUl % 5 722 \> 2 L 23 [ABGP] TiE IS i T\ %,

2T 774 ) —RETII R, RDMH E VR 5 LALA 2N T %, £3. gly(F)
. A XN T, HRFEUADES DT R T 0 DMK IESTTHIEES ) — Rk L.
Z DT REL

siy(F) = {z € gln(F) | tr(z) = 0}

2EZ D, ZWRRFTERA 7Y v P —RBOR LR LA & voTLw», 27T,
h ZNATTIIRED S 7% % siy(F) OH#E - REE L. T2 (h 2&8) 34 AN OXNMHT
Gtk & 72 ) —REE T2, 7, 1€ T ZNARSBTRT1ONMITHIET 2,
FrIC L g gly(F) IiERE &k, 2oL &,

pEHO L



Zhi7e I NI pe T2% 25, T 21X

1
0
P=1o

o N O
w o O

B IERATIOZ EbH DL, pegly(F)\sln(F) D2 bbb s, 72&ZIE, (i,1) R
72 H3 1 TR 23T RTO D (i,4)-ATFIHAL (matrix unit) e; Zp & LTH LW,
ST EALNAITING gly(F) B EHZFE E LTlI< (7777 y FASEETE %) OT

A:=sIn(F)® Fp
FHRICY —RE L5, W—KEA B %
B(z,y) :=tr(zy) for x €sly(F) and y € A

DEIICERTIUL, Bpp) ZEDL I ITEDTY B A FIBBIC R 2,
ZZT
H:=hd Fp

&3 5%L (A H,B) Z tame LEALA of nullity 0 Dl & % %, ZD=2fA%ZHEE L TLALA
KT %5, £9. L% ADL—7RE (loop algebra)

L:=A® F[t*}]
L, 2@t esly(F) @ F[tt] Lyttt c LIZNLT, B%
Bz @t™, y®t") :=tr(xy)dmino and Blpet™,pt"):=0 (1)

DEHIET S, RIZLD1IRIGHFIMER LS Fe %, B> TRDT 77 v b TERHR
ERE

[z@t™ y@t"] = [2,y] @ ™" + B(do(z @ ™),y @ ")c (2)
fHL. ]
do=1®1t—
T

ThHH, TNRBXEEHTL2EHE Vo> TEw, €T,
B(do(x @t™),y@t") =mB(z @t",y @ t") = mtr(zy)dm-n,0

Ifl7e 5 7S, Bdo( ), ) EWITBIE. THAS 2-cocyle 1782 &S —EAMEZ B O
T (2) Y —REDFERTH S 2 DT CIThd B £V RIEE b O,



BRI, do DEHRREMZ L EDT7 77 v F, HIL
[do,z @t =max@t™ = [z @t™,dy]
&L,
[C, do] = [dQ,C] =0

£E9 5 LT,
L(p):=L® Fc® Fdy

BV —REERB, ToIC, B%
B(e,c) = B(dg, do) = B(e, L) = B(dg, L) =0 and B(c,do) = 1 (3)
D &) IR T UL, BIFIERLNFRAZ N —XIE & %5, 22T
H:=H&® Fe® Fdy

39U L(p) = (L(p), H,B) \$ LALA &% 2,
L(p) DEZRE DT,
L™= (sly(F) ® F[t™]) ® Fe® Fdy and H™ :=h® Fe® Fdy

Li(p) == (sln(F) @ F[t*']) ® Fe® F(p+dy) and Hi:=h@ Fcd F(p+ do)
Ls(p) = (sly(F) @ F[t7']) @ Fe® Fp® Fdy and He:=h & Fc® Fp® Fdy

%ESLALATH S I LDNEETE %, £7.206 L(p), L™, L1(p), L2(p) TXTD core
3L T
L= (sly(F) ® F[t*"]) @ Fe
IZ7 % 2 LT E %,
774 ) —REFARE, 2D core L & sly(F) @ F[tT] OEBFILEX (universal central
covering) IZ%-> T3 I EZ2FRLTEL ((MY2] &),

—fi2, LALA £ @ core L. 7% L TH*FH (hyperplane of codimension 1) ® & ¥, L %
BNE VS, EofITix, L7 Li(p) BIBMINLALA TH %, 7. LALA LD dy 2 &
LEEEL Y, LOBITIE. L(p), L7, Lo(p) FEHETSH 255, L1(p) IZEEHETIZ AL,

Rz £ms 13 )VMESE LALA  (minimal standard LALA) Wz 3, 7. L™ I2EBI)
BENZn+1IZEZE, Wbz AV HE? 74 v ) —REDZ L Th 3,

FRIZZDHE, L™ L Li(ey) R EITLALA &L LTRHBNCR 2 2 E2MTH, XX p
%

1
0
0

O = O
w= O O



DX I, NAKSH L TH DX BTINCT 5 & HMEE LALA ICFABCAwn 2 &8
AEHTE 5,
ET. DUNAMS/N LALA 2360/MEHE LALA ICRALE %5 1 DD+ 35&tTh 5,

WEE 1 LA LALA L(p) \oB VT, ST p DD RTEE R 512, L(p) DI
) — R
L1(p) = (sln(F) ® F[t*']) @ Fe @ F(do + p)

VI MEEHRE LALA £ 12 LALA & L CRBTH 5,

fEEF) £

ma 0 0

0 mo O

P=19 o ms for my, mo,ms,... € Z
L.
g ::Z ei; @t™ and ¢ '= Z ey @t

i€N ieN

BHEZD, 1,

M = (gly(F) + T) @ F[t*]

BEHEOTIOMT @ 1 2L L T HREEREE %2, FRIC M 1 Pt Ry X fifT
G2, WTHIFIUTERMEDRI AN XT 0 DA EEEZEZTI v, e

m0 0 =m0 0
0 tm B 0 t™m 0
9=1 0o o ¢ms and g7 = 0 ¢t

DEIIFTINEEZCAHE LA 5\, 612 trace DERTE T, HIZIFEED

191 X € gly(F[tt]) = gly(F) @ FIE ISR L Ctr(g~1Xg) = tr(X) R EBELT %, C
2T tr(X) € F[tTY) 7293,

tro(X) tr(z) fX=2z®1
) =
0 if X =2xt™ form #0

EETIE, MEDX cL=A@ Ftt'| L Y csly(F) @ F[tF] ek L T,

B(X,Y) = trg(XY)



&b, T, Xe LIzl T,
0,(X) =g~ Xg
EHT D, TOLE, Y esly(F)® F[tT] iex LT,
B(0,(X),0,(Y)) = B(g~' Xgg~'Yg) = tro(g~' XYg) = tro(XY) = B(X,Y)
DR SEDD S, 0, BRAFTIIZEE S 2 2 L2 HFRTIUE, RO XY e LIZHLT

B(GQ(X)v QQ(Y)) = B(X,Y) (4)

X Y esly(F)@ FtH IS LT, Lo=sly(F) @ Ft*t Y@ Fe TD 7777y b %

DK D 37
Z 2T,
|~ EE LT B, £, 0,05 L ¥ CIETER LT, HLOBNB L,

[,
0,(X) =0,(X) +axc (ax € F)
iz T ARG, L, — L. LFIBIER
a:sly(F)® Ft*'] — F
DEELIET 2, ZDEE,
0,([X,Y]™) = 0, ([X, Y]+ B(do(X),Y)c) = 0,([X,Y]) + apx.yic + B(do(X),Y)by(c)
E %, —7i.
[05(X), 04 (Y)]™ = [85(X), 05(Y)]™ = [04(X), 84 (Y)] + B(do(84(X)), 84(Y))
E%%, 2IT, 0,([X,Y]) = [0,(X),0,4(Y)] 1ZED SLODT,
apx yie+ B(do(X),Y)y(c) = B(do(05(X)), 05(Y))
L BB 0 2 RO, fHATYIEIEZ1T) &
B((do + ad p)(04(X)),04(Y)) = B(do(X),Y)

%R I/ DT
ax = B(p7eg(X)) (5)
EEWTAS L,

axy) = B(p,0,([X,Y])) = B(lp, 05(X)],04(Y)) = B(adp(0(X)),0(Y))
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LEDIUE I EDh 5, HBE, ey & (i, §)-(THIHAL & T aUE,

§g<[d0, €ij @ tk]) = k99<6ij & tk) = keij & h—mitm;

‘(“% b N
8,(do), By e © 1) = do + p, 5 © 57+
= ke,-j X tk_mi"‘mj
EBD5

Og([do, ei; @ t*]) = [0g(do), Oy (ei; @ )]
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GENERALIZATIONS OF THE CONCEPT OF
CYCLICITY OF CODES

MANABU MATSUOKA

ABSTRACT. In this paper we generalize the notion of cyclicity of
codes, that is, polycyclic codes and sequential codes. We study the
relation between polycyclic codes and sequential codes over finite
commutative QF rings. Furthermore, we characterized the family
of some constacyclic codes.

1. INTRODUCTION

In [6], S. R. Lépez-Permouth, B. R. Parra-Avila and S. Szabo studied
the duality between polycyclic codes and sequential codes. By the way,
J. A. Wood establish the extension theorem and MacWilliams identities
over finite frobenius rings in [9]. M. Greferath and M. E. O’Sullivan
study bounds for block codes on finite frobenius rings in [2]. In this
paper, we generalize the result of [6] to codes with finite commutative
QF rings.

In section 2 we define polycyclic codes over finite commutative rings.
And we study the properties of polycyclic codes. In section 3 we define
sequential codes and consider the properties of sequential codes. In
section 4 we study the relation between polycyclic codes and sequential
codes over finite commutative QF rings. And we characterized the
family of some constacyclic codes.

Throughout this paper, R denotes a finite commutative ring with
1 # 0, n denotes a natural number with n > 2, unless otherwise stated.

2. PoLyCcyCLIC CODES

A linear [n, k]-code over a finite commutative ring R is a submodule
C C R" of rank k. We define polycyclic codes over a finite commutative
ring.

Definition 1. Let C' be a linear code of length n over R. C' is a poly-
cyclic code induced by c if there exists a vector ¢ = (co,c1,+++ ,Cp1) €

2010 Mathematics Subject Classification: Primary 94B60; Secondary 94B15.

Key words and phrases: finite rings, (6, 0)-codes, skew polynomial rings.
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R™ such that for every (ag,a1, -+ ,an_1) € C, (0,a0,a1, -+ ,a,_2) +
an_1(co, 1, ,cn1) € C. In this case we call ¢ an associated vector
of C.

As cyclic codes, polycyclic codes may be understood in terms of
ideals in quotient rings of polynomial rings. Given ¢ = (¢, ¢, ,Cp_1) €
R ifwelet f(X) = X"—¢(X), where ¢(X) = ¢, 1 X" '+ -+c; X +¢
then the R-module homomorphism p : R" — R[X]/(f(X)) sending
the vector a = (ag, a,- -+ ,a,_1) to the equivalence class of polynomial
Ap1 X" 1+ -+ a1 X + ag, allows us to identify the polycyclic codes
induced by ¢ with the ideal of R[X]/(f(X)).

Definition 2. Let C' be a polycyclic code in R[X]/(f(X)). If there
exist monic polynomials g and h such that p(C) = (g)/(f) and f = hg,
then C s called a principal polycyclic code.

Proposition 1. A code C C R"™ is a principal polycyclic code induced
by some ¢ € C' if and only if C' is a free R-module and has a k X n
generator matrix of the form

g9 91 " Go—r O -+ 0
0O 90 o - Gnk -+ O
G — 0 . e el 0
o --- 0 90 g1  On—k

with an invertible g,_r. In this case
p(C) = (gnka R g X go)
is the ideal of R[X]/(f(X)).

Definition 3. Let C' = (9)/(f) € R[X]/(f(X)) be a principal poly-
cyclic code. If the constant term of g is invertible, then C' s called a
principal polycyclic code with an invertible constant term.

For a ¢ = (co, 1, ,cn1) € R", let D, be the following square
matrix;
0 1 0
D, = B
0 1
Co C1 - Cp-a

It follows that a code C' C R" is polycyclic with an associated vector
c € R™ if and only if it is invariant under right multiplication by D..
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3. SEQUENTIAL CODES

Definition 4. Let C be a linear code of length n over R. C' is a sequen-
tial code induced by c if there exists a vector ¢ = (¢, ¢y, ,Cp_1) € R™
such that for every (ag,ai, - ,an—1) € C, (ai,as, -, a,_1,a0co +
ajcy + -+ ap_1cn—1) € C. In this case we call ¢ an associated vector

of C.

Let C be a sequential code with an associated vector ¢ = (co, ¢1, -+, ¢h1).
Then (' is invariant under right multiplication by the matrix
0 0 Co
1 C1
tDC - . .
0 1 Cn—1

On R"™ define the standard inner product by
<@,y >= 300 Ty,
for x = (zo, 21, ,Zn1), ¥y = Wo, Y1, "+ ,Yn_1) € R™
The dual code C* of a linear code C is defined by
Ct={a€ R <c,a>=0for any c € C}.

Clearly, C* is a linear code over R.

Theorem 1. For a code C' C R", we have the following assertions:
(1) If C is polycyclic, then C* is sequential.
(2) If C is sequential, then C* is polycyclic.

4. CODES OVER FINITE COMMUTATIVE QF RINGS

Let R be a (not necessarily commutative) ring. A left R-module
P is projective if for every R-epimorphism g : M — N and every R-
homomorphism f : P — N, there exists a R-homomorphism A : P —
M with f = goh.

A left R-module @ is injective if for every R-monomorphism ¢ :
N — M and every R-homomorphism f : N — (@), there exists a R-
homomorphism h : M — ) with f = hog.

The ring R is said to be left (resp. right) self-injective if R itself is
injective as left (resp. right) R-module. If both conditions hold, R is
said to be a self-injective ring.

A left R-module M is Artinian if M is satisfies the descending chain
condition on submodules. A ring R is left (resp. right) Artinian if
R itself is Artinian as left (resp. right) R-module. If both conditions
hold, R is said to be an Artinian ring.

It is clear that a finite ring is an Artinian ring.
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Definition 5. For a (not necessarily commutative) ring R, R is called
a QF (quasi-Frobenius) ring if R is left Artinian and left self-injective.

It is well-known that the definition of a QF ring is left-right sym-
metric.

For any R-submodule C' C R", C° is defined by
C° = {\ € Homg(R", R)|\(C) = 0}.

Theorem 2. For a (not necessarily commutative) ring R, the follow-
ing conditions are equivalent:

(1) R is a QF ring.

(2) For submodules M C R", M°° = M.

Theorem 3. For a (not necessarily commutative) ring R, the follow-
g are equivalent:

(1) R is a QF ring.

(2) A left module is projective if and only if it is injective.

We define an R-module homomorphism 6, : R" — R as J,(y) =<
y,x > for any x € R".

Proposition 2. The homomorphism 6 : C+ — C° sending x to J, is
an isomorphism of R-modules.

Theorem 4. Let R be a finite commutative QF ring. For a submodule
CCR, (CHt=C.

By Theorem 1 and Theorem 4, we can get the following corollary.

Corollary 1. Let R be a finite commutative QF ring. Then C' is a
polycyclic code if and only if C*+ is a sequential code.

Theorem 5. Let R be a finite commutative QF ring. If C C R™ is a
free R-module of finite rank, then C* is a free R-module of rankC* =
n — rankC'.

Definition 6. Let R be a finite commutative QF ring. For a sequential
code C C R", C is called a principal sequential code if C* is a principal
polycyclic code. And C s called a principal sequential code with an
invertible constant term if C*+ is a principal polycyclic code with an
wnvertible constant term.

Now we can get the main theorem.

Theorem 6. Let R be a finite commutative QF ring. Suppose C' is a
free codes of R™. Then the following conditions are equivalent:

(1) Both C and C* are principal polycyclic codes with invertible con-
stant terms.
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(2) Both C and C* are principal sequential codes with invertible con-
stant terms.

(3) C is a principal polycyclic and sequential code with an invertible
constant term.

(4) C* is a principal polycyclic and sequential code with an invertible
constant term.

(5) C = (9)/(X"™ — «) is a constacyclic code with an invertible c.

(6) C+ = (q)/(X™ — B3) is a constacyclic code with an invertible (3.

Acknowledgement. The author wishes to thank Prof. Y. Hirano, Naruto

University of Education, for his helpful suggestions and valuable com-
ments.
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RINGS OVER WHICH EVERY FREE SUBMODULE OF A FREE
MODULE IS A DIRECT SUMMAND

YASUYUKI HIRANO

Department of Mathematics,
Naruto university of Education,
Takashima, Naruto, 772-8502, Japan,
E-mail: yahirano@naruto-u.ac.jp

ABSTRACT. In this note, we prove that if R is a commutative artinian ring
then every finitely generated free R-submodule N of a finitely generated free
R-module M is a direct summand of M.

Lemma 1. Let R be a commutative artinian local ring with Jacobson radical J.
Let N be a free submodule of rank n of a free module M. Then the submodule

N=(N+JM)/JM of M/JM is a R/J-free module of rank n.

Proof. We may assume that J # 0. Then there is a positive integer k such that
Jk¥ #£0and J¥*1 =0. Let N = Rx; --- Rz, be a free module of rank n with free
basis {x1, -+ ,zn} and let T; = 2; + JM € M/JM for each i = 1,--- ,n. Suppose
a1%1 + -+ anZy = 0 for some a; = a; +J € R/J. Then a1 + -+ -+ apzy, € JM.
Since J* # 0, we can take by,--- ,b, € J such that by ---b, # 0. Since J*+1 =0,

by---brayxi+---+0by---branx, = 0. However x4, --- ,x, are linearly independent
over R, we obtain by ---bray = --- = by---bra, = 0. Since R is a local ring, these
mean aj,--- ,a, € J, thatis a; =a; + J=0foralli e {1,--- ;n}. O

Theorem 1. Let R be a commutative artinian ring. Then every nitely generated
free R-submodule N of a nitely generated free R-module M is a direct summand
of M.

Proof. First consider the case when R is a local ring. Let N = Rz; --- Rz,
and M = Ry;  --- Ry, (m < n) with free bases {x1, - ,zn} and {y1, - ,yn}.
By Lemma 1, N = R#; --- RZ,, is a subspace of Ryy --- Ry, = M/JM
and of dimension m. Then we can select y;,, -+ ,v;,_, from {y1,---,yn} such that
{21, Ty Yirs 1 Yi,_, } is a basis of M = M/JM. Then M = (Rxy +--- +
Rzy,) + (Ryi, + -+ Ry,,_,,) + JM = M. Since JM is small in M, we obtain
M = (Rzy + -+ + Rxy) + (Ryi, + -+ + Ry,,_,,) = M. This means that M is
a homomorphic image of (Rzy --- Rx,) (Ry;, --- Ry, . ). Since M
is a free module of rank n over a commutative artinian local ring R, by Theorem
of Jordan-Hélder ([1, Theorerm 2.5.2]), the composition length of M is equal to

Key words and phrases: rings, free module, direct summand.
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that of (Rxy -+ Rz,) (Ryiy -+ Ry, _, ). Therefore we conclude that
M=(Rxy --- Rz, (Ryy; -+ Ry, ,)=N (Ryy, -+ Ry, _,)-
Next consider the case when R is a commutative artinian ring. We can easily see
that R is a direct sum of local artinian rings. Solet R = Re; --- Rey, where each
Re; is a local artinian ring. Now let N be a nitely generated free R-submodule of a
nitely generated free R-module M. Then, for each i, e;IN be a free Re;-submodule
of rank m of a nitely generated free Re;-module e; M. Then e,M =¢;N N/ for
some Re;-submodule N/ of ;M. Then M = (esN --- eyN) (N{ --- Nj)
N (N{ -+ Nj).

ol

The following example shows that a commutative noetherian ring need not have
the property that every nitely generated free submodule NV of a nitely generated
free module M is a direct summand of M.

Example 1. Let Z denote the ring of integers. It is easy to see that Z is a commu-
tative noetherian ring. Consider the Z-module Z and its submoduole 2Z. Clearly Z

and 27 are nitely generated free Z-module. However 2Z is not a direct summand
of Z.
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