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Simple n-Block algebras [0 0000

gobboooobobobooogbboboo

1. 00000

Lie algebra 0 n OO OO0 UODOOODOO n-Lie algebra O 0 OO Filippov
0000o00oooo (3], [8)00 0000 0O(generalized) Nambu mechnics
00000 Nambu algebra 0000000 (cf. [2,6,8) 00000000
00000000000 Cartan OO0 0OODOO Lie algebras 0O O00OOOO
o0obobobOoobobobooobuobuono W H-typesODDOQODOGQOBOO
(generalized) Block algebra 0 0000000000 OO O additive group G
000000000 {e}gee DO0DODODOOO

[€g7 en] = (g, h)ngrha

(000 0Oe O skew-symmetric additive form) 0000000000000
Block algebra O n-Lie algebra OO0 000000000 ODOOOOOOODO
(¢t. 4)D000D000000000000000000000000 (cf
)0

G O additive groupd F OO0 00 field OO O

n

——N—
v: Gx---xG — F

0 n-multi-additive skew-symmetric foom 00000000 {E;|ge G} O
goboobooovioonnbbooboobboobgd

[EQN T 7Egn] = V(gla T 7gn)Eg1+~~~+gn (gla g0 €G)



V 000 n-Jacobi identity 0 0 0 O O O n-Lie algebra 0 0 0 00O O

[1"17'” sy Ip—1, [ylu'” >yn]] = [[iUl,"' 733n—17?/1],f927"' 7yn]
+ [y17[$17"' 7xn—1’y2]7y3>"' 7yn]

+ .. 4+ [y17"' ’yn_l,[xl,"' ,xn—hyn]]'

V O nliealgebra0 OO DOODOOOODvOOOODOOOODOOOOODO

n

Zy(gla“' 7gn—17hi)y(h17"' 7hi—17gl + "'+gn—17h’i+17”' 7hn) = O
=1

00000V O n-Lie algebra of Block type D0 00OV, (G) 00O V,(G,v)
gooooooon

V=V,(G)OOOOoooooooooooooooooov oo G
O radical O radv ={a € G | v(a,91, " ygn-1) =0 (Yg1, - ,gn—1 € G)},
V O center O ((V)={z€V|[z,21, ,xn_1] =0 Va1, -+ ,zp_1 € V)}
goooooooooooo

Proposition A. n-Lie algebra of Block type V =V, (G) 0000
(1) C(V) = Zaéradu<Ea>a

(2) V[l] = [Vvv 7V] = ZaeG\radu<Ea>a
(3) V = ¢(V)ep v,

{Ey|lgeG\{0}} 00000000 V O maximal subalgebra O n-Block
algebra w.rt. v 0000 B,(G,v) 0000

Theorem B. v # 00000 B,(G,v) O simple n-Lie algebra 0 O O
0000000000 radv=4{0} 0000

Theorem C. V =V, (G,v) O derivation algebra Der (V) O
Der (V) = Linn (V) x Cder (V)  (semidirect sum)

O00000000Linn (V) O locally inner derivations O 0 0 O Cder (V') O
central derivations D OO0 0000



2. n-additive map OO 000

000 additive groups 000 map ¢ : G — H 0O almost n-additive
worty 000

Plgr+ -+ gn) =d(g1) +--+ dgn) if v(g1, - ,9n) #0
ogoooooooooobooooooooooon
Proposition 1. G, H O torsion-free additive groups 0 0 0 O
¢: G — H O almost n-additive w.r.t v <= ¢ = ¢g+ ¢1
0000¢e O additive mapOd ¢ 0 G\radv OO 0000 map DO OO

simple n-Block algebras 0000000000000 subspaces < Ey >
(e G)DDO0O0O0UDOOOOOUDOOOO locally finite derivations 9 of V' [
doo0bDooooooooooooooooooon

Lemma 2. B = B,(G,v) O simple n-Block algebra with rank G < oo
0O O O Olocally finite derivation of B 0 O O central derivation of VO B O
gooooon

Lemma 2 000 rankG<oo OO0 O0O00OD0OOOOODOODOODODOOO
0 Lemma [0 Proposition 1 OO0 O OO0OO0O0O0OO0O

Thorem 3. B,(G,v),B,(H,u) O simple n-Block algebras O rank G,
rank H <oco OOOO0O0OOO

Y Bp(G,v) — B, (H, ) O n-Lie isomorphism

—

dgroup isom. ¢ : G — H, Jdcharacter x of G, Ja € F* s.t.
V(Ey) = ax(9)Eyq (9 € G\{0}),

" (d(g1), - dgn)) = v(g1, -+ 5 gn)- (%)



simple n-Block algebra B = B,(G,v) 00000 x € X(G) (= charac-
ter group of G) 000000 (Ey) = x(9)E, 000 6, € Aut(B) 0000
X(G)<Aut(B)DODO0DOOOO

Y, ={(¢,0) € Aut (G) x F* | p, =v000000 (x)0000}

00 ¢ (Ey) = @By 000 $ga € Aut (B) 0000 Y,(G) < Aut (B)
000000 %0106 = b 00 X(G)<Aut(B) 00000000
goooooon
Corollary 4. simple n-Block algebra B, (G,v) with rankG < oo O
gd
Aut (B, (G,v)) 2 X(G) x Y, (G) (semidirect product)

Example. G =Z", v =det 000 000B,(Z",det) O simple n-Block
algebra D000 X(G) = (F*)", Aut(G) =GL,(Z), Yaet(G) ={(¢,) €
GLn(Z) x F* | det¢ = o™}y 0000Cry ={Ce F|¢F=1}3000
oon

Aut (B, (Z", det))

(F*)" % (SLn(Z) % Cp(gn—2y) if F' has an (n — 1)-th root of —1

1

(F*)" % (SLy(Z) x Cp—1))  otherwise.

goog
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Deformation theory of low dimensional algebras

ooooobogggd
gooog

O0D00bD0o0o0o0obooooooboOononog Gerstenhaber OO
gbogobobobobobooboobbobbobobooboonbo
gbboobbobbobbooboobobobboobooboobo
gboogobobobobobbobbobbobbobbbooboboonbo
gogooo

M.Gerstenhaber On the deformation of rings and algebras, Ann. of
Math. 79(1964) 59-103

M.Gerstenhaber & S.D.Schack Algebraic cohomology and deformatio the-
ory, in:Mazewinkel and M.Gerstenhaber eds., Deformation The-
ory of Algebras and Structures and Applications (Kluwer Aca-
demic Publishers, Dordrecht, 1988) 11-264

1 0D00oooooood

R[] [2]/(f(2) + tg(2)) O kl2]/(f(2)) DODODDOODOO
00?7 0000000000000

00000000 f(z)=2% gz)=20000¢t0000000000
00o0o00O0O0000o0

E[t]][z]/(z* + tx) O k[z]/(x*) 00000000
goooooooo

1| x 1 T
1] z 1 T
z|lxz| O e T|x —tx
O
klz]/(z?) k[z]/(2? + tx)

goooo



1.1 0OOggd

00 A0DDkOOODODOOOOOOOe:AxA—AODD0OO0OO0O
00000000000 AD0000O0000000000 A[ft]
0ooooo

(2, y)(= & * y)
= alr,y) + tay(z,y) + tag(z,y) + - (v,y € A)

O0000000q;: AxA— AQO k-bilinear 00 0O

oo agoog
Space k space A E([t]] space A[[t]]
product(map) kbilinear map Ek[[t]]linear map
O a:AxA—A| o A[t]] x Al[t]] — A[[t]
o = a+art+ axt’ + -
product(operator) | z oy = a(z,y) ‘ xH Yy = oy, y)
ooo 000000 o0ooooodooogo
Null deformation o] = a; = --- = 0000000 null defor-
mation 0000 A, 00000000000 Ay = k[[t]] @ AT
ag
(p(t) ®a) *: (q(t) @ b = (p(t)q(t)) © ab
goooooo

g

(1) DOOODOOK[ 00O MO t—adic complete & t—torsion free
D000MO My=M @y kOO0 M[[f]] 0000

O000meMOOOOOmy=mx10000m—myetMOO0O00O
m—mg =tm}, mi—my €tM, m; € MyODOOOOO00O0OOM,
0000 mg,my,me,---000000S,, =mg+tmg +t>ma+---
OMO CauchyOODOOOO MOODOOO

(2) ADDDODOOOOOOOA[Y =kt]®.MOO00O

3) k[[t]]lz]/(+*+t2)000000000000000000O0
000000000000



1.2 K[[t]]/(z? + tx) 0 k[[t]]/(z*) 000000

AO0O0O {zy,--+,2,} 0000 z;02; 000 (z;02,) 000000
000 8000 (B(zs,a;) 0000

(au(wi, 5)) = (wi, z5)) + tar (2, 25)) + (o, 25)) + - -
goodooooooooooon

a(L,l) o(lz) \ (1 = (1 =z 0 0
(ozt(x,l) at(x,x)>_<ac —tx>_<x 0>+t(0 —x)

2 A brief sketch of Gerstenhaber’s deformation
theory

21 0JU0o0oboooooon

0000 ADDOO A = (A[[t]], ) = (A[[t], %) 00000000
ooo

A[[t]] = {a0+ta1 +t2a2 + - |CLZ‘ € A},
Txp Y = O[t(iC,y) :(I(I,y) +ta1($,y)+t2a2(x,y)+---,
o c Ax A— AO k-bilinear 0000y =a0000

OoO0o00O0o0 oooooooooo.ooooD A,00bDbooboo
ggooobogo..bogoooboooon

0000000000 a(ae(a,b),c) =ar(a,oq(b,c)) 00000000
Z {ap(aq(a,b), c) — apla, aq(b, c)) = (52an)(a7 b, ),

p+g=mn
p>0,g>0

000000006 : Homg (A", A) — Homy (A", A) O Hochschild
coboundary operator 0 00O 0OO0OOMO

0" flat,...,any1) = alf(a2a'-->an)+Z(_1)if(a17"->aiai+la--->an+1)
i=1

+(_1)n+1f(a17'"7an)an+1)
00000000 &0n=20000000



Hochschild Cohomology Hochschild cohomology group H"(A, A)
0 Z™(A,A) = Kerd”, B"(A,A)=Imé" 0000

H"™(A, A) = Z"(A, A)/B"(A, A)
0000000

Associator 000000000 f,g€ Hom(A%2,A) 00000 f,¢g0
associator fog [

fég(a'7 ba C) = f(g(a,b)c) - f(aag(ba C))
ooooooooooooo
160y, 1 + -+ - + a,_100q = 8y,

ggoooo

22 QJO0o0O0OO

0000000000nr=10000 6%, =00
§*ay(a, b, c) = aay (b, c) — ay(ab, c) + ai(a,bc) — ay(a, b)c
Ozy=a(z,y) 0000000000000
ay € Z2(A, A)
Ul O0O0o0ooooooooan

23 ODOOOO

ADADADDODOA, = a+ta) +2ah+--- 000 0k[)]-0
oo ft5A2—>At|:|
fi = la+tfi+tfa+---, (fi € Homy(A, A)
a:ﬁ(a’ab) = ft_lat(ft(a)vft(b>)

= ft_lat(fhft)(a? b)’ (avb € A)
DDDDDDDDA;DAtDDDDDDDDDDAQNAtDDDDDD
O00axb=a}(a,b),acb=c(a,b) 00000 fi(axb) = fi(a)o f;(b)O
go0ooogoooooboogooogooo



24 00O

OO0 AODOOO0O0O0O0O A; 0 null deformation A0 0000000030
AODOODOOODOOO

0000000000 (Gerstenhaber) H2(A,A)=00000A00
00000000A000000000A0000000

2.5 000
0o 2—cocyclea1EZZ(A,A)DDDDDDDDDDDDD
=+t + Pag + -
gooooooooooooooooodgn

00000000000 (Gerstenhaber) H3(A,A)=00000A0O
gbooobood

000o0o0ooooDOoOd agoay, 1+ -+ 4 a,_10a; 0 3—cocycle O O
00000000000000000 € B3(A4,A) =Imé?000000
goooooot o, a0, 000000000 d o, 0000
oo

3 Ut
3.1 JO0o0oboodoooono

A=R[z,y| 00000
dp 0q t" J"p J"q
ap,q)=pgtt—F7 +- "+ 57—+
t(p:q) = pq 92 9y i
goooooobobobod
THx Y=Y+t Yy*ar = yx

goon



3.2 Poset algebras

0000 OD00O0O00O000O00O00O00oog HYAA)
ggooo

I = ({1,2,3,4},<)00001 < 3,1 < 4,2 < 3,2 < 4000
Poset(Partially Ordered Set) 00O O 700000 Poset algebra A =
AND 4x4000000000

A=FkE3+ kEyy+ kEys + kEyy, E;0 (i) 0000

0000000/0000000x=x(/)0000000000 {1,2,3,4}
0100 {(1,3),(1,4),(2,3),(2,4)}000000001<2<3000
poset 0000000200 (1,2,3)0000000

3 4
* 0 % %
0 % * %
{ 00 % 0 }
00 0 =
1 2
Poset [ Poset algebra A(I) Geometric Realization ¥(I)

00 (Gerstenhaber & Schack) H™(X,k) = H"(A, A).

00000000 7: O3, k) — CP(A(I),A() 0000000000
C,(X)0 X0 p00000000CY(E, k) = Homy(Cy(X), k)OICP(A(I))
0 p—chain00000000OpO0O (g, 41, -,9)0f € Homg(Cp(X), k)
gooog

(Tf)(EioiN T Eip—lip) - f((i(b T 7ip))Ei0ip‘

OO0 0000 H"A(),A(I)DO0D0O000O0SOO0000O S—relative
cohomology O 0O 0O O



D0000D000000 0ODO000D000DO00O000d
HY(A(I), A(I)) = HYZS,k) = k
H'(A(I), A(I)) = HY(X,k) k
H2(A(D), A(I)) = H*XZ,k) = 0
H3(A(I),A(I)) = H3Z,k) = 0

Oo0obObo0oA0ODOOODOOOOODOOOO

3.3 UUotuouotuouoodno
Gerstenhaber & Shack (G&S) O
Deformation theory 00000000000 D0O0O

000000000000000000000000
A, = k[[t][z]/(:2—1—tz)000000000000000

1 x 1 =z 0 0
— 1+t
<m 1+tx> <x 1) (O :E)
Step 1 A = k[z]/(x*>~1)00 0 0x>~10 separableD 0000 OH?*(A, A) =
odo0O00o0DO00DOOooDA0DOODOOODOOO
fo=latth+ 0+ (Al a) — (A[ft]], @)
ooooofo0000
Step 2 a1 =df---(1) 000 f: A—>AD0O0D0ODOOODO
0f(z,y) = 2 f(y) — flzy) + fx)y

0000(¢00000000z=y=1000000= f(1)—f(1)+
F)OD f(1)=002z=y=2000002 =af(z)—f(1)+f(z)
00 f(z)=1/20000000

8

] ap | 1|z
f(1) =0, f(a:):i =a=0f = 1]0

z |0]|x




Step3 ;0 1000 puOOOO20003 aéDDDDDD
o =arx (1—tf) = (1= tf) " oazo(l—tf,1—1f)

0000000 (z,2) =1 —tf) tay(z — (1/2)t,2 — (1/2)t) =
A+tf+22+ A+t —to+ (1/4)2) = (1 +tf + 22 +
)+ (/) =1+ (1/4*000000

a; [ 1 x ap [ 1] x
T = o =a+td 10| 0
T |z |14 182 z |0]1/4

Step4 ;0 2000 o, 00004000 o,000000O

O000000ay, =6¢g00000¢g(1) =0, g(z) =2/80000
Step 30000

of = apx (1= t2g) = (1 = ’g) " oajo (1 — g, 1 — tg)

oooooo

af |1 x ay | 1]

11 T = a/=a+tla] 1]0| 0
3 1 3

T |T —6—4t4+mt6 x| 0| —5

ooono

Note O00000a) = ((apx(1—tf))*(1—t%g) = ay*x((1—tf)o(1—t%g))
gooooooood
> t? t
(1-tf)o (1 -£g)@) = (- D - L+ &
gooog

Stepb DODOOODOOODODODOODODO0OD 0 «ODOODODOO
fi=1—tf)o(l—-t*qg)o---0000

/

o — o — o - — o«

1—tf 1—t3g



Pless Power Moments
and

2-weight Projective Codes

H1 A R AR 0

HERNIVEES



2. BT 1

1 [XLC&®HIC

TCDRF 7 BT 5 OB S /3m ORI E L TIE, MacWilliams iden-
tity &V HbORIEFICEIL LN TN, h~v—FEIF—T1% 20064
WTRRIT L. 22T, AEROBEfRATH 5 Pless power moments & M
1T 5 DD 2-weight projective 5 ~D 1 DDA ZEFEITT 5. TAre
2-Weight Projective Cyclic Codes Irreducible?] (J. Wolfmann, IEEE
Trans. Inf. Theory, vol.51, pp.733-737, 2005) D HI-ER DFEN T
H5.

FLH & Pless power moments [ZEIVTW=D 70, FREIGHLEZ
EBRIPSTEDT—ERBR LTl ThH 5.

2 HEE

o q HFKM, Fy %z q nlk, n Z AR LT 5. Fp O ZEM LT
7 (code) WV, n ZXZDFEORIEVD). FrDRIN n T
WoLis k DL X, [n k] FFreIng. LT, CIEEICES n
DI sERTELTD.

[ ] X:(,Z‘l?-.- ’l‘n), y:(y17... ’yn)e]FZ c:;(‘{l‘b,

X'yzzxkyk
k=1
VN - ZEDD.
Ct={x€eF!:x-u=0forueC}

Z C OXEFE(dual code) E\VNH. C 2 [n, k] BB 5 CH I

n,n—k] fF5THS.



. ATETR 2

o x= (21, ,x,) EF} 5.
wt(x) =#{i € {1,--- ,n} : x; #0}

Z x DH S (weight) &V 5. HSIEO0, 1, -+, n OWTANDE
BThHb.

min{wt(u) : ue C'\ {0}}
Z C ORNEIEWV). B/NEIITIREWVIZERF 5O FTIERE
@ FF i CIHERICER R TH 5.
N #Ba%REE L, C#{0} £T%.

N =#{wt(u) : ue C\ {0}}

DL X, C % N-weight £5 9.

e C' % N-weight 575 & L,
Wi, wa, y L, WN

Z, C OO0 ELERLIBEBZORKLETS.
1<iSNIZKLT
A =#{ueC : wt(u) = w;}
EBE, 0SjSnlcxLT
B; =#{veC" : wt(v) = j}
LX<
B; OEFRITEERTED, A, OFERITLT L HEERTIERW (w;
DOROVIZ i ZHNTWVDLEDONRLN) DTHEET L L.
M, N=10DEL&IL, wy #w ¢ELZ LT 5.



3. Pless Power Moments 3

e B =DBy,=0Dkx, C % projective FF 5 &\ 9. ZHIF EHIF+
HI72 5555 TIE 720,

3 Pless Power Moments

Pless power moments & FFHINDRDOFERDBFN ST D ([5, Pless)).

& 1. C % N-weight [n, k]| & L, w;, A;, B 1ZEICEERLE
LBV ETDH. ZDEE, RBEY LD,

N
) ZAi =q¢" -1
=1
N
2) > widi ={n(g—1) = Bi}¢*".
=1

E:wA n(g—1{n(¢—=1)+1} = Bi{g+2(n—1)(¢ — 1)}

+ 2Bg]qk72

Jt% @ Pless power moments (X, B; Z M\ T

N
dwiAi o (r=0,1,2,--)
=1

%%Lt%@?%é.::f@,%@@3o%5zk.
() BL Tz ZA ICFRY bO HAEHTNZS L C OTLO

8% L 72 2 28, mmc_k@@f ZOMEET ¢ L7725, WEoT, WK
DSLDZ ERDND.



4. 1-weight Projective 575 4

4 1-weight Projective ff&

WOFEFRIT I H BN TWD. ZOMBEDFF 51X projective simplex
Fig & MEEN 5.

k _
&E 2. C AR k CEIR =1

5. ZokE, CiX 1-weight 55 THEL DD 0 &R HEI I ¢!
Thb.

1
TP projective £ & 3

l-weight fF 25 x5 & &%, WOMENREERD.

ME 3. O % [0k HELTD. C N Lweight ZF5T B, = 0 2515,

" —1
g—1’

L2 D HIREL N DMFIET 2.

n=AA

SEBA. M 1(1) £V Ay =¢"—1. XoT, Bi=0720D7T, M 1(2)
£V w(gh—1) =wA =n(g—1)¢"". ¢" & ¢F — 1 IFEWVICHRD
T, ¢ N iTw BED. WEoT, w=M"T LR BERE N BFEETD.
WoT, M N —1) =w(d—1)=n(g—1)¢"* LV, n= )\qqk_—ll
L. mE13) I, TRHLOEERATS L,

N = 1) = " = DING" = 1)+ 1) + 2B2)q"
Lin. ko,

Nq* (" = 1) = N(¢* — 2¢" +1) + M¢* — 1) + 2B,



5. 2-weight Projective 55 5

X0
2By = \(¢" = 1) = AN¢" = 1) = AMA = 1)(¢" — 1)

PFELNDS. O

2 4. C % [n, k] 55 L35, C 2 1-weight projective 5572 51X,

L%,

EFER. B, =072DT, 3D By LV A=1¢705. (o T, &3
L UERNEAD. O

K 3

5 2-weight Projective ff&

gl 5. C % [n, k] fF5 &3, C 73 2-weight projective 7572 H 1%
RDIEL Y SE.

(g% — Dwiw,

n (q—l)—{q(w1+w2)—1}n+W:O, (1)
4y = @ =g = g
A, = Ma=De" = (¢" - D

W — W1




5. 2-weight Projective 55 6

SEBA. C I 2-weight T By =B, =0 72D T, i 11

A1+A2=qk—1, (2)
w1 Ay + wyAy = n(q — 1)qk_1, (3)
wiA; +wiAs =n(qg— 1){n(qg— 1) + 1}¢* > (4)

Eheb. 22T, Bfay, a &

ap = WiWs, a; = —(wy + ws)
WZEDEDD &

(2 — wy)(z — wy) = ag + ayx + 2 (5)
D L, o 3R ao(2) +a(3) + (4) BEET DL

Clo(Al + Ag) + al(wlAl + ”LUQAQ) + w%Al + ’LU%AQ
= A1 (ap + aywy + wi) 4+ Ay(ag + ajws + w3) (6)
=ao(¢" — 1)+ arn(q — 1)¢* " +n(g — D){n(qg— 1) + 1}¢* >
2 k—2

=n?(qg — 1)%¢* 2 + (a1q + Dn(qg — )g" 2 + ao(¢* — 1)

(¢" — Dwyw, k-2
e (q—1)q (7)

H(5) L VR (6)IX0ERB. -T, R(T) LVR Q) BREND. O

— [nQ(q —1) = {q(wy + we) — 1}n +

AL &S &, WOL o ELHHEWERNELND.

il 6. C % 2-weight projective 75 & L, D % C OEHLDFFE (5B
5772[H) T 2-weight projective £ 9%, ZDE &, D=C &7 5.




6. filE 7

FEBA. dimC =7, dimD =s &3%. mELDON(1) & X DH. DI
C DD F72DT, DI LTHEIIX vy, wy &5, 5T,
n?(g—1) —{q(wy +we) =1} X CIZX L TH DI LTHEILTH
5. £oT,
1 -1 ¢-1 |
2
q _qr—2: qr—2 - qs—Q :q2_

LB ST, r=sOTC=D &75h. ]

2% L LT, 2-weight projective 555 D I TR L TIFRMAFN H 41T
W5 ([1]).

MR 7. p ARBEL, g pDOHET D C D 2-weight projective
iz blE, C OO0 &R RLESIT

pPu HDOWIE piu+1)

DK THDH. 12720, slZ0LULEOEET uw I ZTEARKLTHS.

6 HE

6.1 JT?® Pless Power Moments
0Si<nizktL T
Ay =#{uecC : wt(u) =i}

LB 1S SN 2B,



6. filE

Lo TS, AKD Pless power moments [TIRDOEE T 5 ([2] &5
W [5)).

GES. C % [k BHELL, r 20 LOBIKE LiEE X, WAUR

IR
ZTAZ = (_1)1Bl {ZV' S(Ta V)qk V(Q l)y_z (n_j> } )
=0 i=0 v=0 n—v
-y A=Y B {Z A S(r, 1) (” ) 9) }
i=0 i=0 V=0 n—v
ZZT,
1 & v
) = 55 o1 (1)
V! = J

L5 2 FLD Stirling 2 & MR TS

6.2 MacWilliams Identity
x, y BEHEELT

x,y) = Z Ay
=0

EBL =8I T —=TbRNLEZ DL ([3]), ROKRIL
J:<%D%ZI“L“C1/\§>([4]&)%)11‘61[2]).

MR 9. C 45 & LImb X, WRIEY L.

1
Wer(z,y) = EWO(x +y,z—y).
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[6] J. Wolfmann, Are 2-weight projective cyclic codes irreducible?
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(R NE SRR
A e S

§1 DR

Real numbers R (Greek Math — 19C, Bolzano, Cauchy, Abel, etc.)
Complex numbers C (16C, Cardano, Tartaglia, 18C, Euler, 1799, Gauss)
Hamilton numbers H (1843, Hamilton)

Cayley numbers O (1844, Cayley-Graves)

Z 15 1% composition (K&, Bl %
N(zy) = N(z)N(y)
Zii 7z TIRRML 2 KB N 26 >fRETH %, 1898 45, Hurwitz 1 composition fAEL DK
JGlE 1, 2,4, 815 2 &%/ L7z, composition fREUZLZRHI (alternative law)

z(zy) = 2%y and (yz)r = yz?

g7z 9, LK, RARAKEL (alternative algebra) O—MEmoIFEE I L5,
gy RE (1932, Jordan) &1, ¥ a Ly v DER

2?(zy) = x(a”y)
iz TEAHRMRETH B, & ZIE 0 RV S — MIFIEE H,(C) X, f7IofIco»T
FAC Thwds, Hil ks )
v y =52y +yz)
LERTIUES a LS VR E D, £, n=3D9RIEY 2 VY YR Hy(C) AT,
Cayley 0O Z 2% L 7% 3R )L I — Mrdlaik

A = H3(0) (1934, Jordan, von Neumann, Wigner)



. 2T RICDOHAY a V¥ v REE D, FIAY T RE (F7213 Albert (K80 & L
C Lie Theory SV AL KB E2 5.2 Tw 5,

1978 4 Allison ¥, 2416 % X 5 I I H T structurable ¥ 2 EHE L 7=,
T, MR a v REREAR, 51T

HoO * 00 &35\
Q' =H H\/j (quartic octonion)

R A
B = (A ]R) (1963, 56-dimensional split Brown algebra)

(ZNB1FY a vy ARBTHLRMMRBTH W) 22887 7 ATHS, Allison 13, 1
0 DARXRICHEM Y —BE % structurable {88 % > TH—IICEZE L /-,

§2 Hamilton ZHETR
2EBDLIAB Clty, ta] U twist L72BR, HIB. tot) = tity DD D IT,
tot) =  tity

7 5B % ANk e e
Chlt1,to]

%L . Hamilton SERE LR, Cylty, t2] DL (EREOIE & WHRATED 5 74 5 HIR
B) 52 L3RBT BB O% AR

Z :=C[t1,1]
TH D, Cult1,t2] 13 Z LD quaternion W& TH 5, HIHWIEE E LT,
(t1 +t2)* =t + 13

bi‘%%o
I, WlEDLHAB Clzs, ..., 2] (n>3) LDT vV L

Chlt1,ta, 23, ..., 2n] == Cplt1,t2] ®c Clzs, . .., z,]
% n Z¥O Hamilton ZIENIR L W5, 7z, 2 E Hamilton ZIERIR
Conlt1, ta, 3, ta] := Cplt1,t2] ®c Chlts, t4]
% L T 3 E Hamilton ZIAXER
Csnlt1,t2, t3,ta, t5, t6] := Chplt1, t2] ®c Chlts, ta] ®@c Chlts, te]

2



BELHBE LD,

§3 Cayley-Dickson process

E % involution ~ % b > & 45, 7272 L. involution & 34744 2 ® anti-automorphism
DZETHD, ¥T. 04 cEL, EOBERNar—Ev QXouEABME) 2HET 3,
ZDLE,

(E, ):=E Ev

Iz,

(a+bv)(c+dv) =ac+d b+ (da+ be)v (a,b,c,d € E) (1)

A 52 E8%, E=(E, )oKk, MEEH o Cayley-Dickson fU#

EWES, FFIC,

02:

ICHEREL X9,
() #H D Cayley-Dickson fREUZ., % E OREEEARDPSHS DS, E 26 M- TH R
DK TE 5,

5l 1 F % Hamilton O 4 JUEUA
EFE=H=R R:i Rj Ry,

T REFEOMERMEMNE, = 1 &7 (H, 1) Cayley number O &% %, ot E
BB, R OEEZHE%Z involution IZEUE, (R, 1) = CTHYH, C omEHFOLEE
involution IZ & 4UE, (C, 1) =H &% %, 7., (C,1) i 2 KITH4ME My(R) IZ[FE &
2%,

HEYVASNTWARWHE LT, HO involution ~ 2

i= i and j=1j
TEHZL, =7 &7, (H, ) 3 8Xmof%E L %%, ZN% quartic octonion & I
O, O TRITZLEIZT S, 51T,
o=

EEITIZ,
0 =(Hj)=H H/j
Y, £, (1) % X RAUL,
(iVVi=gi= ij R j(\/ji)= ji
DD LHODT, O IFRRMELTIE R\, Z0TYH

Vii= g, ® itivVi) = Vi ZLT (Vidi= i

3



WD SZOD T, OIZBITWDS, F, O IZMFEAEER] (power associative law) % i 7z X

T, T2k z2IF
(i + D+ V52 # G+ V) +V5)

TH %5, Allison 12 Xk D O 1FBHE structurable (R TH 5 Z L BRI N7z,

§4 Cayley ZIET
9. nZHD Hamilton ZIHABR Cylt, t2, 23, . ., 2n] IZEWT,

t1= t1, ta= to, Z; =2 (i:?),...,n)

THEFE I N5 involution % EE#E involution & M5,

3 2D Hamilton ZIHEL Cy[ty, t2, 2] & Z DEEHE involution ~ 12X L T, 2z ZRHEE %K
&9 % Cayley-Dickson %L

Chlt1,t2,2]  Chlty,t2,2]v
HEZDH, TDOEE, 2=zt B5DT,
vi=t3 EBFIF 2=t

£7:%, 2O Cayley-Dickson &% C.[t1,t2,t3] TE L. Cayley ZIERIR LIS (8] &),
HARBIRAE LT

tot1 = tito, tst1 = tits, t3ty = tot3, (tita)ts = ti(tats)

RBERZEDTES (9 2H), Cayley ZHEHABOFL ((EEDICE A OFEAT 204
&) 1, B OL AR
Z = C[tlvt%ti’)]

TH Y., Cayley ZIHABRIZ Z LD octonion R & 722, BREOWER E LT,
(t1 +ta +13)° =13 + 15+ 13
W5,
§5 TILE—FBYI T VZIER
i, REA DB, ZOTFTRARE AT = (4, ) %

1
Sy+yr)  (r,y€ A

r y=2(



ICEHOTEETE S, £/, A involution ZFHFTIE, AT DRI
HA, )={zecAlz =ux}

EIRIR A E 2 5, FRC ARSI AT 3P a vy oIR8k 3, (fE-oTA
PEGREE I AT ZY a vy v RETH 2,)

CalF R AT 2O NEH(A, ) ZIIWE— Y LT R ETIEN S,
oI, ADBETHALZ L) #EEAROEEGIE, TILS— RYILIVZERREWT
3 (3], [ &),

Bl 2 A =Cylti,t2] (Hamilton ZIHAE) & L. % main involution, I %
to=t, ty=ty

TEFEN D involution & THUS, Jy = H(Ay, ) ETL I — Y 3 15 v LEAB OB
L%, g OHD (EEOILE AN TTARE) 13

7y = Clt}, 3]
D, 12 E3XRITLDY a vy U RET, ZOHIEKLE LT {1, t,t2} PHEIL S,

ﬁu 3 A2 == (Cgh[tl, tg, t3, t4] = (Ch[tl, tQ] KQC Ch[tg, t4] (2 E Hamilton %gﬁ}%) & L\
% 15¥E involution D 7 >V LHE, HIS

= ti, ty = ta, t3 = t3, ty= ty
ETHUL, Jy = H(Ap, ) IZZ VS — MY 2 VYV LHEAROHI L 722, Ty DHFLIZ
Zy := C[}, 13,83, 1]
LD, Jo i3 Zy E10RIEDOY a vy v RET, Z0EEE LT
B := {l,t1t3,t1t4,t1t3t4,t2t3,t2t4,t2t3t4,t1t2t3,t1t2t4,t1t2t3t4}

DHI S, (F) 10=1+.05 32

§6 Albert ZIET

w € (C jd.l’ 1 @’Eﬁﬁ 3 %*E &. .3_ E) o Hamilton %I;gﬁﬁ% (Ch[tla tg] biﬁgﬁéfﬁ tQtQ = tth T%
BINl, FHEIL,

tote = wiils



TERI N twisted ZHABZZ 2, Tz Cultr,to] TRTZ LTS, C,lt,ta] D
D, ZIHAB
Zy = C[t3,13]

LD, Culti,to] 13 Z3 EIXLDMEAENRETH S, 22T
(t1 +t2)> =13 + 15

DIRALT B,

—f%iZ, 1st Tits construction EW:EIL S, & 5 (central simple) D 9 RIThEARE A
6, 27 XouIAF Y 2 V& REC (Albert fAE0) 25T % 7515038 %, Cayley-Dickson
I E doubling process TdH - 7223, Z U tripling process & 7% %, Cayley-Dickson fiZX
MRk, WEEER k> TR sz DT, (4, )TERT (HL 12 ADHhL2r5H-
T&w), HOBANZA LML D THIET %53,

(A, )=A Av  Av? (2)

ANy LSRN

% 5B H 5,

Bl 4 IXILHAENILA = M3(R) IZEBWT, =1 &F3UE, 1st Tits construction (A, )
1% 27 Kot a vy o AE Hy (@z) 2% %, fHL. O, IZ Zorn’s vector-matrix algebra
(split octonion) Tdh %,

(F) EiZ eRP0OTHEVIRD, (4, )=H3(0,) &% 22 LAGHTE S, o,
Mst Tits construction (2 &k > T H3(0) ZHKT 5 Z L1 TE &y (4 2K),

X, kOB
Cylt1, t2, 2] = Cylt1, 2] @c C[2]

DOHF M
Z = Z3 ®c C[2] = C[t, 13, 2]

THD, Cultr,ta,2] 1F Z LRIt aRE L %5, 22T, MEEB 2z € Z 1T L T 1st
Tits construction (2) Z@WH I ¥, I 51T,

t3:=v EBFIE 2= Z2LT t=1=2

E% %, ZOHLWEHLIHARZ C,lt, 1o, t3] TE L. Albert ZIENIR LIS ([5], [6] ),
#E-> T Albert ZIEABRITIZ

Calt1,ta,t3] = Cultr, ta, 3] Cult1, ta, tilts  Cult, ta, t3]t3

6



22550835 %, Albert ZHABRDHL
Z .= C[t], 13, 13]
L0, Cultr,to,ts] 12 Z LD Albert & & %2 %, & T TOEBRIEGTERIL,

1
thy  ® ot (ta t3) =w(ty t2) t3

ti(tita) = 3

ZL<T
(t1+to+t3)3 =13+ 13+ 15

mETH S,

§7 Structurable ZIERIR

HeO 00 3bideMRREBTIE w23, Hiffl structurable R E %25, T L P
7L C. Hamilton ZIHAIL & Cayley LA L D7 vV VEEDH %\ 1d Cayley ZIHAER A
torry i, Blb

Chlt1,to] @ Celts, ta, ts] dDBIE Cclty, to, t3] @ Celts, ta, ts]

HIEIRE Y structurable ZIEHREROHI & 72 5,

% 72, Hamilton ZHHIER Cylty, o] I2E T,
1= t1 ZL7T fh=ty
THE X % involution Z & . FEEEH = ty D Cayley-Dickson UK
(Chltr, ta], t2)
% quartic Cayley ZIERIR L .55, 351
Vig ==

R AVAES
(Chlt1,ta], t2) = Cplte, ta]  Chlt1, ta]Vt2

EETHDT, quartic Cayley ZIHRBZ C.[t1, VIo] TRT I LT 2, C.lt1, /2] DHL
(fEEOIG E WO AN neik) 12

7 = C[t}, t3]
£ 0. C.lti, Vi) 13 Z ED quartic octonion A (8 Xn) L% %, 2ITH,

(tivt)Via = tita ZLT Vi(Viet) = taoty



& 755 D TERARMRECTIZ 2023,
Vit = tivh, ® ttivh)=tVE LT (Vht)h = Vhii
D LD, F7o, Coltr, Vo] FIEMHEET (not power associative) TH 5, 72 & 2,

(t1 + Vi2)(t1 + VE2)? # (1 + V12)2 (t1 + V12)

ThHb, TDCt, Vta] bHEIRIE Y structurable ZITHAB & 72 5,

88 Allison-Faulkner process

K #u[ffufE 6. J %2 K ForfEe 32 (& 21X Jordan &), T —J %
M2 DREENLE T2, 1984 4, Allison & Faulkner 1337 L \» Cayley-Dickson W% %
KL/, Iz

(J, )=J Juv
R L TR
(a+bs)(c+ds) = (ac+ (bd®)®) + (a®d + (b9?)0)s
EEBLIMRBETHS, £7-.
(a+bs) =a bs
ko T(J, ) DI 2 DFIELEE HEFRETE2DTHRDIET I L HHKS, Allison &

Faulkner (X, J23® 2D Y a V& R&72 6 (J, ) IFHHl structurable fREUC %2 % 2 & %
AEI L 72,

Bl 5 3 TELZLI-LHIL, T — Y g }L§7“‘/%lﬁiﬁfﬁ[—[(@2h[t1,t2,t3,t4], 7) EN
Huly C[t3,43,42,12] £ B 2K L T2 10 X0 a vy v (R Tch -7, D 2 & Hamilton
LGIABRGER DL 2 MM ATz Coplty, ta, ta, ta, 2] KR LTH, Fulal

Z = C[t%,t%,t%,ti,z]
Thh, Z LOREIZEKAR B THD, HIb,
Jio == H(Caplt1,t2,t3,t4,2], 7)

X Z BE10RICOZN I =R aVy v LHEABRTH S, 22T : Jig — Jio %
te B\ {1} icxfL T,
)=t zLT (1)=1

TEFET S, 2L T =2z &L TCayley-Dickson fi%
(J10,2) = J1o + Jrov

8



2R %, B & [FARR,
tsi=v ETHUE ==z

2‘273?%)75)’5\ (Jl(],z) = t1 "5 ts %%ﬁ&?%%ﬁﬁ%&%i% Z &ﬁ)ﬁjﬂé%o :O)EF'/D@
Jl[) O)EP'D&.EILVC
Z = C[t17t2vt3at47t5]

b, 22T, @EDOLEAR C[tl,tQ,t37t4,t5] & Z £ 25 = 32 RI6ED5, (Jl(),Z) $Z
E20%IETH S, ZD Jyp DEBEGE structurable ZIHEABR & % %,

21, 3 8 Hamilton IR Cyp[th, to, ts, ta, , t5, te, 2] & Z DIEHE involution ~ 7> & [H
RRICHERL L 72, il

Z = C[t17t27t37t47t57t67 ]

E28XIED )L S — MY 3 L5 SIHABR
J28 = H((C3h[t17t27t37t47at5,tﬁaz}7 7)

BEZD (28=1430y 32), ZLTJyg BT % Jp EEL XHICEEL T, Allison-
Faulkner 1%k
Cplt1, to, t3, ta, ts, te, t7] := (Jag, 2) = Jog + Jagty

(12 = 2) ZHERLT UL, T d EHELZL structurable ZIHABE L 72 5, Hulh i
7
Z: C[t%,t%,t%,ti,t%,t%,t%}

TH Y., Cylt1,to,t3,t4,t5,t6,17] 1Z. Z 128 4+28 =56 RonL k5,
() WEEOLITRIR C[ty, ta, t3, ta, ts, te, t7] DEEIE. Z £2T =128 RIGTH 205,
72 { E A D monomials 23V HZ T\ 5%,
FEL OIS T3, Allison DFERIC L D, Huby Z DR % Z L 50UL, Cylty, ta, t3, ta, ts, te, t7]
@ central closure
Cylt1,t2,t3, ta, t5,te, t7| @z Z

\& Z 156 Xt Brown fRE & 72 5, §iE> T 2 D structurable ZIHRBE Cy[t1, t2, t3, ta, t5, te, t7]
% Brown ZIEREE LA TH X\,

Z 2T L S IEABLAAMC | Lie Theory THEE LD DD SAH S, HKD
H2IE, I BLU[2] 2L THIL W,
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2265—2332.
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Some properties of factorized Lie algebras 11

WA (FRMZERT) - AZHE CRRZERKT)

24 August 2012

Group G 12 DD subgroups A, BIZ&>T G=AB L RINTWVWBHLE, G
1% A, B 12 &> T factorize N5 £ 5, 1055 41T Tto [6] 1%

FA, B 7 abelian ® & £, G I¥ metabelian T#H 3 J
e EIMHLEZ, ZNERD LS IZBRIELZMEDYD S :
FA, B 7 nilpotent ® & &, G & soluble 7* 7 J

G 7 finite group @ & Z 1%, Kegel [7] & Wielandt [11] (2 & > THEMIZfRR X
nn, —MoLEE, ROME

FA, B 7 locally nilpotent @ & &, G I locally soluble %* 7 J
EHTRIBIRTH B,

% 2T, MR Z &% Lie algebras TE X THAD,

EZE K E LD Lie algebra L 1% 2 D® subalgebras A, B Of1& LTRINTW
5, ie. L=A+B, & LlX A BIZ&X>T factorize INBE S,

L=A+BDkE, Ito DFEFRITIET S
FA, B 7% abelian ® & ¥, L 1% metabelian T# 5 J
i%, 1976 4512 Amayo [2] 12X > CAEBIE N7z, 72, groups & BRI KD RE
FA, B 7% nilpotent ® ¥ ¥, L 1% soluble 7 ? J
R TH B, 7272L, L W finite-dimensional D & 121X, char ¢ =0 DEFH



IZ Goto [4] A%, char € =p > 2 DA Panyukov [8] 2%, b DI & ZFEHL
7z, char € =2 OHEITIX Petravchuk (9] 12 & > TRHBIVEZ S50z,
T, groups DEE LARRIZRE RFRTH S -

(LNS) [A, B 7 locally nilpotent ® & &, L I locally soluble %*? J
L4 E [5] 1I2BWT, (LNS) B DLD720DH 55kt z KT

EEA char £ #2, L=A+ B € L(wser)§ D& &, A, B % locally nilpotent 72
51X, L % locally soluble T®H 5,

7z, Aldosray [1] 1% 1984 FIZRDFERZ R U TZ -

Tchar €=0, L=A+ BeL(<)§ D& &, HascA,HascB = HascLl]
TxFINERDE ST :
EHEB char t=0,L = A+ B € L(ser)§ D& &, HserA, HserB = HserL.

FRC chart=0,L=A+ BeE(<)FNL(ser)§ D& X, HascA, HascB = HascL.

Z 2T, [3] 124> T, Factorized Lie algebras D IEARKZRMEEIZ DWW TR A
E)o

=& 1 ([10, Lemma 1]) L % factorized Lie algebra by A and B & U, H % L
® subalgebra £ § 5 & &, XD (i) & (i) XFAETH S :

(i) a+beH (acA beB) = abeH

(i) H=(ANH)+(BNH) and ANB<H

EE M LITBIF 250 (1) Xk (i) MDD E &, H % factorized subalgebra
of L £7z1% factorized in L £\ 5,

¥ : AN B IE&/ND factorized subalgebra of L T® %,

&2 (10, Lemma 2]) L=A+B D& &

(1) A<H %721 B< H 7% 51%, H % factorized in L TH 5,

(2) ANB=00Dt &, H<A 7 H<B7%5IE, H X factorized in L T
H5,



&3 ([10, Lemma 3]) L % factorized Lie algebra by A and B &3 % & &
(1) Hy : factorized subalgebra of L (A € A)
= NxeaH) : factorized in L

(2) Hy : factorized ideal of L (A € A)
= > aea Hn : factorized in L

(3) IL I<KHLSLD&Z
H/I : factorized in L/I <= H : factorized in L

4 ([10, Lemma 4]) L % factorized Lie algebraby A and B £ 45 & &, H
MY factorized subalgebra of L 72 51X

H=(A+H)n(B+H)

E#E L % factorized Lie algebra by A and B & U, H % L @ subalgebra &3
5, H#%#ELETD L D factorized subalgebras DHELE%Z F LB 2 &

XH)=()S
SeF
% factorizer of Hin L &\5, fli@3 (1) £V, X(H) I H 28T L OH/ND
factorized subalgebra T® %,

@5 ([10, Proposition 5]) L % factorized Lie algebra by A and B £ L, L ®

subalgebra K 7% A, B ¥ ZNZ 1 permutable TH 5 & &,

(1) X(K)=(A+K)Nn(B+K)

(2) X(K)=ANn(B+K)+K=BnN(A+K)+K
=AN(B+K)+BN(A+K)

(3) dimK < +oo 2615,

dim(X(K)/ANB) < +0

&R 6 ([10, Proposition 6]) L % factorized Lie algebra by Aand B & L, I %
L ®ideal 35, A2<I, B2<I Dt ¥,

[X(I),L]cI



Thb, Fiiz, X(I) I& L ® ideal 2725,

JRIZ infinite-dimensional factorized Lie algebras O#l% 5.2 5,
5l ([10, Example]) € % field & U,

gl(n, t) = the general linear Lie algebra of all n x n matrices over &,

fmn = the natural embedding from gl(n, ) to gl(m,€) (n <m).
95, £IT,

L=1limgl(n,t) = | ] gl(n,€) (the direct limit of {gl(n, ), frn}).
—
n>2

LREDD, THIT,

sl(n, ) = the special linear Lie algebra of all n x n matrices

with trace zero over ¢,
S = Un225[(n,{?).
L, SaL TH5,
(1) =27,

ut(n, ) = the subalgebra of gl(n, ) of all upper triangular n x n matrices,

[t(n, €) = the subalgebra of gl(n, ) of all lower triangular n x n matrices.

eL,
A= {Jut(n,t), B=]utn,¥).

n>2 n>2

LBEL, ZOLE, HHONZI L=A+B &b, £ZAMN
1 1
(0 )3 0) (0 M)
0 —1 0 0 0 —1
10 0 0
but S, S,

DT, S X factorized in L =A+ B T\, I H5IZ

S=(ANnS)+(BNS) but ANB LS.



ThHod, ED LD
S<X(S)=ANn(B+S)+5S=BnNn(A+5)+ 5.
A QRVASN
(2) Kz
uto(n, ) = the subalgebra of gl(n, ) of all upper triangular n x n matrices
(ai;) with a;; = 0 for any even integer 7,
[te(n, t) = the subalgebra of gl(n,¥) of all lower triangular n x n matrices
(ai;) with a;; = 0 for any odd integer 1.
&L,
A= |Juto(n,®), B =] lte(n,®).

n>2 n>2
ETBe, oM L=A+B', ANB =0%&%5%, £72 (1) LFEIZ S X
factorized in L = A’ + B’ T3\, K-> T, fEL X0

SOA'NS)+(B'NnS)

B2, A, B OABRSEME MRSEM, BUNEME) & L OFRSEEDBBRIZ DN
TR, R key LR DHETH 5,

a7 ([10,Lemma 7)) L=A+B &9%, H& KW H<K 7% L ®ideals
T, ANH=ANK, BN(A+H)=BN(A+K) %5l¥, H=K T®5%,
EI 8 ([10, Theorem 8]) L % factorized Lie algebra by A and B &3 5%,

(1) A % relations <, <, si, <%, asc DWITNPT, AAL L T3LE,

A € Max—< (resp. Min—<1), B € Max—A (resp. Min—A)
= L € Max—< (resp. Min—<1)

(2) Aser LeLF &9 5,
A € Max—< (resp. Min—<), B € Max—ser (resp. Min—ser)

= L € Max—< (resp. Min—<1)

RDFRIE [3, Lemma 1.2.6] IZX IS 5,



%9 ([10, Corollary 9]) L % factorized Lie algebra by A and B &9 5% & &,

A, B € Max (resp. Min) = L € Max—< (resp. Min—<)
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Weyl groupoid {Z DWW T

11 S/ > AN TUN ¢ )

1 Weyl groupoids

Sap B £V 6(a,b) T Kronecker’s delta &0 9, a, b€ {—o0} UZU {oo} IZ
WNUT Jp:={neNja<n<b} &L,

ZOMMTIEN e NZEET D, [ :=Jix B, neNU{oo} IZxF
LT Mapl & J, 25 [ NOBEBREERDRTELSLT S, Map, % 1 DDt
GDANCIRDELGLT B,

C' = [cij]ijer € Mn(Z) B3 generalized Cartan matrix TH % £ 1ERD (M1),
(M2) &2 A7z & EITW D,

(MQ) Cik < Oa 5(Cjk70) = 5(ij>0) (]7 k€ [7 j 7& k)

AZBZBTRVELGL TS, £ie [IZHULTERG : A - ADERN
NTWnWse9d5, Fac A i je IIZHLT generalized Cartan matrix
C" = [cf)ijer WEANNTVWDH LT D, T—X

C= C(]7 Aa (gi)iéla (Ca)aeA)
M Cartan scheme TH 5 & 1% (C1), (C2) ZAZT & ZITWVW D,

PAF Z dD Section TI&C =C(I, A, ($i)ier, (C*)aen) Z Cartan scheme &9
%, Fac AIZHULTV % {af)i € I} ZIEJE LT 5 N Rt R-AFIL2ERH &
T5, MBMAMEE e Ve - Vil (ac A iel) %

(1.1) s%(a?) = a;i(a) _ nga?(a)(: a;i(a) _ ng(a)agi(a)) (Gel)
TEHT D, ZDLE
(1.2) S —idya (a€ A, i€l

7 i



MDD, Fac A n€ZsoU{oo}, feMapl i LT

apo = a, 19s¢o 1= idya,
afe = Spwylapi-1), 1%spe = 14185, (L€ Jin)

LB,
Fa,be AITHLT

(1.3) H(a,b) = { 1%, : V> = V| f € Map’ , t € Z>g, a;s = b}

&H<,

Category W(C) & Ob(W(C)) := A, Homyy(c)(a,a’) := {a} x H(a,a’) x
{a'} BELOEZ (a,w,d)(d,w',ad") = (a,ww',a") £FTBILITEIVERT
%, W(C) % Cartan Scheme C ® Weyl groupoid & &3

Faec ATHLTY OHPES Ra) C VREZLNTWE LT 5B,
R*(a) := R(a) N (®iciZspad) LB, T—X&

R =R(C, (R(a))aca)
M generalized root system of type C TdH 5 LIXLLFD (R1)-(R5) A7 &

-

T2\,

)=R"(a)U—R"(a) (a€A).

YNZal ={a% —at} (a€ A iel).

'(R(a ) R( (a)) (a€ Ajiel).
ozf):ozf@a:b (a, b e A).

generalized root system R = R(C, (R(a))aca) IZ72WVWLTW(R) :== W(C)
EBLK, W(R) Z R D Weyl groupoid & &,

BAF Z @ section TiE R = R(C, (R(a))aca) % generalized root system of
type C &5 3,

(1.4) s4(R*(a) \ {a2}) = R*(si(a)) \ {a§}.
MO DHRIZERT S, Fae A i, jel ITHLT
= |R*(a) N (Zs00? ® Zsoal)] € (N\ {1}) U {0}

<,



Lemma 1.1. m{; < oo LIRET S, m :=mf; B, f € Map?l = % f(2k —
) =14, f2k) :=j (k€ i) ICLVEHRT D, ZOLEILIFD (R4) 3D
N

(R4)/ Qfom = a BJ:U 1an,2m = idya.

Proof. i = j DL ZIFHSD, i £ j EIHET D, Kk € Ji, THLT
Baf’k = 1a8f,k_1(04;€}€k)71) bl ) <o %‘ k € <]0,m ‘:}H‘L/VC

ZpM* = RY (a) N (Zsooi ™ @ Lsooy™), Yiy = Z§ N —1%s51(2,"")
L, (L) & (14)icky
(1.5) 2 =m (k€ Jom)
ME D LD, &k € Jyn TR LT
() Y2 =k BXOYE={p%r€ i}
MO SEDHEERT, (1.4) KD (%), BED LD,
N bk € Jom £ T 5. (%) BIKD D EAET B, (R3), (1.1) BXT(1.4)

Zg 0 (=1spu(Z \ {5 D)

(1.6) = Z§ 0 (=1 (27 \{af ' D
=Y\ {5}

MDD, 7=

(1.7) Zg n{=1"spi(a(i) } = Zg N {8 }

MDD, (1.6) BEU(1.7) &b

wy Y= N C1s(Z\ (a5 ) U (1ol )
(Ve \{=BEH U (Zg n {6 D)

BLU
(1.9) VN =B n(Zgn{psi}) =0



MR NLD, B ¢ Zg LARES B ZDOEE 1% a(affy ) = B € —Zg 1
0o, —F1e Sfk— 1( aJ(ckk 11)) —1¢ Sfk— Q(Odf(k 1) = ﬂfk 1 € Z yon
RO, {f(k—1),f(k)} = {i,j} &V 19 l(zaf'f N = —Z¢ DK 3L
D, WAIZY, = Z§DPEDID, THEFEk—1=Y",] <m atﬂ)%)ﬁ
Th b, fiéofﬁgezghi‘m‘wﬁoo WoT —B2 ¢ Z& WD LD, W RIT
—Be ¢ Y,g LBED LD, (1.8) & (1.9) &0 (%), 3K D LD,

(1.5) & (%) & 0 1984, (Z0d™) = —Z8 LD LD, - T

Vspm({0i"", af7"}) = {—af, —af}

MR OALD, [ € Mapl % f'y) = f(m+y) CLX-oTEET S, [k
IUT 19msp ({072, o5} = {—a;™™, —ai" "} WD LD, o T
1 pom ({072, ")) = {af, a9} DD LD, &t € Jyom (TR LT R
RIBA saft Vere — Vit % Ra; ™ @ Rog™ IZHIBR U 72 Ra; ™ & R %
bRa"“ 1@Ra““ D AD RAGIUBARDE FIE DI {7, ““}H&ﬂm
B {oﬂf’H “ft HIZET % 2 x 2 DRBTHOFHIRNE -1 TH D, DA
12 1% fom (a “’”)—a B LT 1% (a a“m)—a DD LD, - T (1.1)
EOERD ke I\ {i, jHITNUT 1% 0m(a,"™") € of + (Zzoaf & Zx0)
DO D, (R1) K DAEED k € TIZX U T 199, (™) = af DK D L
D, (R1) &V apoy =aD YLD, H-> T (RA) KD LD, 0

IVEN
O-a (gl( )7 Sis ) S HOHIW('R) (gi(a)7a>

BL, 1%y, = (a,1%y,,a5,) € Homyyry(a, ap,) B <o w € Homyyry(a, )
272w T

{(w) :=min{n € Zso|3f € Map., w = 10, }

t}_ﬁ\<o i, ] el 6:;(#[./‘( fij S Mapio f‘& fzg(2t - 1) = Z', fl](2t_ 1) =
teN)IZL->TEHT 5,

Theorem 1.2. (1) Category & UTW(R) ldo? (a € A,i € I) HEpote U

(1.10) o5 Wet =1° (ac Aiel)
BLU
(1.11) 1of,0me, =1 (a €A, 1,j €1, 1% j, m{; < o0)

4



ZRBAIZ Lo TERI NG,
(3) w = 1a0'f’f(w) = 1a0'f/’g(w) € HomW('R)(G/, a,), f, f, < Mapé(w) tj—%o
ZDEE w DR R 1a0f7g(w), 1a0f/7g(w) WEREER

(112) 170, o =170, o (d"€A i, jE L i#j mi <o)
WCEBDMOBAIZE-oTEDH D,
(3) w= (a,w,d’) € Homyyr)(a,a’) &9 %,

(1.13) l(w) = |{a € R(d)|w(a) € —R(a)}|

WD LD,

(4) TRTDay, ay € AIZKHUT H(ay,a:) # 0 THDBEINET 5,
|R(a)] <oco& U, M :=|R(a)| B, TDE&E M = max{l(w)|w € W(R)}
TH>T, Faec AW LTL((a,w,d) =M &2bd € AL we H(a,d)
M2 —DFET 5, T HIZw(RT(d)) =—R"(a) DD LD,

Theorem 1.2 (4) D w % 1%wy £ RKDO U, (a,w,d) & 1%wy & EKDT,

2 BDOERH

VDOR-EIE {¢;]i € [} ZEET 5, VNDOEEN ODEMHZ-NHEZE L = D Ze;
WZE->TEET D, BRZLOZHECESL TS, RCLEACBOM

(R, A)

M Secondary generalized root system Td 5 L I1FRD (sR1)-(sRH) & 7= &
EIZE D,

(sR1) R=(RNZsoll)U—(RNZsoll) (I € A).
(sR2) RNZa={a, —a} (acll€A).
(sR3) Va#peVIleA, In] ;e Zx
{B,8+nlsa} C RN (B+Za) C{B+kalk € Jyn }.
(sR4) VaeVIIe A, &) :={—a} U{f+n]za|f € I\ {a}} € A.
(sR5) VIL VII' € A, 3k € Z>, 3, € A (m € Jy), 1) =11, 1T, = 1T,
Hﬁm e I1,, (m c Jl,k—1)> fgm(Hm) = Hm+1-



Lemma 2.1. R = R(C, (R(a)).ea) & generalized root system of type C &3
%, ate A9 %,

A= {{17s;,(al )i € I} € Mapl_ .t € Zso}

EBL, TDEE (R(a),A) X secondary generalized root system TH D, X
512 |R(a*)| < oo D& &

A ={IT C R(a")[[I]] = N, R(a") = (R(a") U ZxoIl) U (= (R(a") U Zxoll)) }
LD LD,
(R,A) % Secondary generalized root system &9 %,
A:={(ar,...,an) eLx---xL|{ali € I} € A}
N

B, Ba=(ay,...,any) EABEUG, j e IIZHUT (a) = {asli € I} €
ArBZ

o] 2 if 1 =7,

TN nle, Wi
EBEL, TDEECY = [}]ijer & generalized Cartan matrix TH S, %
a€A i elITHLTaDHiHN%E of LEL, THhDLLba=(aflic])T
BB, HielTHLUTEHRG:A-A%

Gi(a) = (af — cf;ailj € I)

iJ

CESTEET B, Tabb o =al — ol THB, ZOLE

15
C~ = C(L A’ (gi)iGI’ (Oa>aef&)
% Cartan scheme TH 5, Kz

of = af ™ — i = of " — ai ™ (i jeT)
5 QRVASH
a* € A Z[EHE L,
A= {a;t € A|f € Map’ .t e Z>o}

B, T
C=C(,A, (si)icr, (C")yei)
& Cartan scheme TH 5,



Lemma 2.2. (R,A) % Secondary generalized root system £ 3 %, & aec A
WX LTV =V, Rla) == R&BL, TOLER = R(C, (R(a))aea) 1&
generalized root system of type C T 5, HZ

st=idy (a€ Ajiel)

"G\%éo
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